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13. NEUTRINO MASS, MIXING,
AND FLA VOR CHANGE

RevisedMarch 2008by B. Kayser (Fermilab).

There is now compelling evidencethat atmospheric, solar, accelerator, and reactor
neutrinos changefrom one °avor to another. This implies that neutrinos have massesand
that leptons mix. In this review, we discussthe physics of °avor changeand the evidence
for it, summarize what has been learned so far about neutrino massesand leptonic
mixing, considerthe relation between neutrinos and their antiparticles, and discussthe
open questionsabout neutrinos to be answered by future experimerts.

I. The physics of °avor change: If neutrinos have massesithen there is a spectrum
of three or more neutrino mass eigenstates,®; °»; °3; :::, that are the analoguesof
the charged-lepton masseigenstates,e, 1, and ¢,. If leptons mix, the weak interaction
coupling the W bosonto a charged lepton and a neutrino can couple any charged-lepton
masseigenstate @ to any neutrino masseigenstate®;. Here,®= e;*, or ¢, and ¢ is the
electron, etc.The amplitude for the decay of a real or virtual W™ to yield the specic
combination & + ©; is Ug;, where U is the unitary leptonic mixing matrix [1]. Thus, the

neutrino state createdin the decay W™ ! X\é + © is the state

@l = Ugii®ii : (13:1)
[

This superposition of neutrino masseigenstates,producedin assaiation with the charged
lepton of \°a vor" ®, is the state we refer to as the neutrino of °avor ® Assuming CPT
invariance, the unitarit y of U guaranteesthat the only charged lepton a °® can create in
a detector is an " @, with the same‘avor as the neutrino. Eq. (13:1) may be inverted to
give X

o= Usj°-i (13:2)
which expressesthe mass eigenstate®; as a superposition of the neutrinos of de nite
cavor.

While there are only three (known) charged lepton mass eigenstates,it may be that
there are more than three neutrino masseigenstates. If, for example, there are four ©;,
then onelinear combination of them,

°si = Ugoii ; (13:3)
|

doesnot have a charged-lepton partner, and consequetly doesnot coupleto the Standard
Model W boson. Indeed, sincethe decays Z ! °g%p of the Standard Model Z boson
have beenfound to yield only three distinct neutrinos °g of de nite °avor [2], °s does
not couple to the Z boson either. Sud a neutrino, which does not have any Standard

Model weak couplings, is referred to as a \sterile" neutrino.
Neutrino °avor changeis the process®g ! ©°—, in which a neutrino born with °avor

® becomesone of a di®erert °avor  while propagating in vacuum or in matter. This
process, often referred to as neutrino oscillation, is quantum mechanical to its core.
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2 13. Neutrino mixing

Rather than presen a full wave packet treatment [3], we shall give a simpler description
that capturesall the essetial physics. We begin with oscillation in vacuum, and work in
the neutrino masseigenstatebasis. Then the neutrino that travels from the sourceto the
detector is one or another of the masseigenstates®;. The amplitude for the oscillation
°e! °—, Amp (°@! °©-), is a coheren sum over the cortributions of all the °;, given by

X
Amp (°@! °-) = UgProp(°)) U~ : (13:4)

In the cortribution Ug,; Prop (°j) U-; of °; to this sum, the factor Ug; is the amplitude
for the neutrino °e to be the masseigenstate®; [seeEq. (13:1)], the factor Prop (°;) is
the amplitude for this °; to propagate from the sourceto the detector, and the factor
U-; is the amplitude for the °; to be a °- [seeEq. (13:2)]. From elemerary quantum
medanics, the propagation amplitude Prop (°;) is exp[j imi¢;], where m; is the massof
°;, and ¢ is the proper time that elapsesin the °; rest frame during its propagation.
By Lorentz invariance, mj¢; = Eijti piL, where L is the lab-frame distance betweenthe
neutrino sourceand the detector, t is the lab-frame time taken for the beamto traverse
this distance, and E; and p; are, respectively, the lab-frame energyand momertum of the
°; componer of the beam.

In the probability P(°e! °-) = jAmp (°e! ©°-)j2 for the oscillation °g ! °-, only
the relative phasesof the propagation amplitudes Prop (°;) for di®erert masseigenstates
will have physical consequencesFrom the discussionabove, the relative phaseof Prop (°)
and Prop (°}), A , is given by

A = (pii p)Li (Eii Ept (13:5)

In practice, experiments do not measurethe transit time t. However, Lipkin hasshown [4]
that, to an excellert approximation, the t in Eq. (13:5) may be takento be L=V, where

Pi + B
Ei+Ej

V=

(13:6)

is an approximation to the averageof the velocities of the °; and °; componerts of the

beam. Then X ) X
»_»piiij_ Efi E
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L2Z(m&j mo)— ; 13:7

P+p | PR (mj'i M) 5g (13:7)
where, in the last step, we have used the fact that for highly relativistic neutrinos,
pi and p; are both approximately equal to the beam energy E. We conclude that
all the relative phasesin Amp (°e ! °-), Eq. (13:4), will be correct if we take
Prop (%)) = exp(j im?2L=2E), sothat

X .
Amp(°e! °-)= UG e MILE2E 4 . (13:8)
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13. Neutrino mixing 3
Squaring, and making judicious use of the unitarit y of U, we then nd that
PCo! %)= o
i 4 <(UgiU-iUgjU%) sin’[1:27¢ m§ (L=E)]
i>]
+2 =(UgU-Ug; U%)) sin[254¢ m§ (L=E)] : (13:9)
i>]
2.

Here,¢ m2 ~ m?2i m?isin eV2, L isin km, and E is in GeV. We have usedthe fact
that when the previously omitted factors of ~ and c are included,

¢ m? (L=4E) " L1:27¢ m? (eV?) EL((CI;Z\)/) : (13:10)
Assuming that CPT invariance holds,
P(°e! ©)=P(-! °): (13:11)
But, from Eg. (13:9) we seethat
PC-! °@U)=P(e! °U") : (13:12)
Thus, when CPT holds,
P(°e! °—U)=P(°e! °-U") : (13:13)

That is, the probability for oscillation of an antineutrino is the same as that for a
neutrino, exceptthat the mixing matrix U is replacedby its complex conjugate. Thus, if
U is not real, the neutrino and antineutrino oscillation probabilities can di®er by having
opposite values of the last term in Eq. (13:9). When CPT holds, any di®erencebetween
these probabilities indicates a violation of CP invariance.

As we shall see,the squared-masssplittings ¢ mﬁ called for by the various reported
signals of oscillation are quite di®erert from one another. It may be that one splitting,
¢ M2, is much bigger than all the others. If that is the case,then for an oscillation
experimert with L=E such that ¢ M 2L=E = O(1), Eq. (13:9) simpli es considerably
becoming

P(<5g@! (ﬁl)' Sg- sin’[1:27¢ M 2(L=E)] (13:14)
for 6 ®, and
P81 €)' 1 4Te(li Te)sin?[1:27¢ M 2(L=E)] : (13:15)
Here, — _
_ 2
X =
Se~  4—- UgU-i— (13:16)
i Up
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4 13. Neutrino mixing

and X
To’ iUgii® ; (13:17)
i Up
where \i Up" denotesa sum over only those neutrino mass eigenstatesthat lie alove
¢ M 2 or, alternatively, only those that lie belowit. The unitarit y of U guarartees that
summing over either of these two clusters will yield the sameresults for Sg— and for
Te(li Te).

The situation described by Egs. (13.14){(13.17) may be called \quasi-t wo-neutrino
oscillation." It has also been called \one massscaledominance” [5]. It corresponds to
an experiment whoseL=E is suc that the experiment can \see" only the big splitting
¢ M 2. To this experiment, all the neutrinos above ¢ M 2 appear to be a single neutrino,
as do all those below ¢ M 2,

The relations of Egs. (13.14){(13.17) apply to a three-neutrino spectrum in which one of
the two squared-masssplittings is much bigger than the other one. If we denoteby °3 the
neutrino that is by itself at one end of the large splitting ¢ M 2, then S = 4jU®3U—3j2
and Te = jUggj2. Thus, oscillation experimerts with ¢ M 2L=E = O(1) can determine
the °avor fractions jUggj? of °3.

The relations of Egs. (13.14){(13.17) also apply to the special casewhere, to a good
approximation, only two masseigenstates,and two corresponding °avor eigenstates(or
two linear combinations of °avor eigenstates), are relevant. One encourters this case
when, for example, only two mass eigenstatescouple signi cantly to the charged lepton
with which the neutrino being studied is produced. When only two mass eigenstates
court, there is only a single splitting, ¢ m2, and, omitting irrelevant phasefactors, the
unitary mixing matrix U takesthe form

°1 °2
U= °® cosi sinu” (13:18)
°— j sinp cosp

Here, the symbols above and to the left of the matrix label the columns and rows,
and p is referred to as the mixing angle. From Egs. (13.16) and (13.17), we now have
Se~ = sin?2u and 4Te(li Te) = sin?2u, so that Egs. (13.14) and (13.15) become,
respectively,
P8y ) = sin? 2u sin?[1:27¢ m2(L=E)] (13:19)

with 6 ®, and
Pty €)= 1; sin?2usin?[L1:27¢ m2(L=E)] : (13:20)

Many experiments have been analyzed using these two expressions.Some of these
experiments actually have beenconcernedwith quasi-two-neutrino oscillation, rather than
a geruinely two-neutrino situation. For theseexperiments, \sin 22y" and \¢ m?2" have the
signi cance that follows from Egs. (13.14){(13.17).

When neutrinos travel through matter (e.g, in the Sun, Earth, or a supernova), their
coherert forward-scattering from particles they encourter along the way can signi cantly
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13. Neutrino mixing 5

modify their propagation [6]. As a result, the probability for changing °avor can be
rather di®eren than it is in vacuum [7]. Flavor changethat occursin matter, and that
grows out of the interplay between °avor-nonchanging neutrino-matter interactions and
neutrino massand mixing, is known asthe Mikheyev-Smirnov-Wolfenstein (MSW) e®ect.

To a good approximation, one can describe neutrino propagation through matter via a
ScrAdinger-like equation. This equation governs the ewolution of a neutrino state vector
with seweral componerts, onefor eat °avor. The e®ective Hamiltonian in the equation, a
matrix H in neutrino °avor space,di®ersfrom its vacuum courterpart by the addition of
interaction energiesarising from the coheren forward neutrino-scattering. For example,
the °e{°¢ elemert of H includesthe interaction energy

V = pEGFNe ; (13:21)

arising from W -exdhange-induced® e forward-scattering from ambient electrons. Here, Gg
is the Fermi constart, and N¢ is the number of electronsper unit volume. In addition, the
°e{%; °:{°%,and°;{°, elemens of H all cortain a common interaction energy growing
out of Z-exdchange-inducedforward-scattering. Howewer, when one is not consideringthe
possibility of transitions to sterile neutrino °avors, this commoninteraction energy merely
addsto H a multiple of the identit y matrix, and suc an addition has no e®ecton °avor
transitions.

The e®ectof matter is illustrated by the propagation of solar neutrinos through
solar matter. When combined with information on atmospheric neutrino oscillation, the
experimental bounds on short-distance (L 5 1 km) oscillation of reactor ¢ [8] tell us
that, if there are no sterile neutrinos, then only two neutrino masseigenstates,°1 and 5,
are signi cantly involved in the ewlution of the solar neutrinos. Correspondingly, only
two °avors are involved: the °¢ °avor with which every solar neutrino is born, and the
e®ectiwe °avor °x | somelinear combination of °= and®, | which it may become. The
Hamiltonian H is then a 2£ 2 matrix in °e{°x space. Apart from an irrelevant multiple
of the identity, for a distancer from the cernter of the Sun, H is given by

H=Hy+Hpu()
_em?  ocosw sinw T . V() O :
TS Sin2u-  cos2u- T 0 o (13:22)

Here, the rst matrix Hy is the Hamiltonian in vacuum, and the secondmatrix H (r)
is the modi cation due to matter. In Hy/, | is the solar mixing angle de ned by the
two-neutrino mixing matrix of Eq. (13:18) with p= ;% = %, and °— = °. The

splitting ¢ m?2 is m% i m%, and for the presen purposewe de ne °, to be the heavier
of the two masseigenstates,so that ¢ m2 is positive. In Hy (r); V(r) is the interaction
energy of Eq. (13:21) with the electron density N¢(r) evaluated at distancer from the

Sun's certer.

From Egs. (13.19{13.20) (with p= p ), we seethat two-neutrino oscillation in vacuum
cannot distinguish betweena mixing angle - and an angle )@ = ¥#2; u . But these
two mixing anglesrepresen physically di®erert situations. Suppose, for example, that
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6 13. Neutrino mixing

i < ¥#4. Then, from Eq. (13:18) we seethat if the mixing angleis -, the lighter mass
eigenstate(de ned to be °1) is more °¢ than °, while if it is P9, then this masseigenstate
iIs more °x than °e. While oscillation in vacuum cannot discriminate between these
two possibilities, neutrino propagation through solar matter can do so. The neutrino
interaction energy V of Eq. (13:21) is of de nite, positive sign [9]. Thus, the °¢{%
elemert of the solarH; i (¢ m2 =4E) cos2p- + V(r), hasa di®eren sizewhen the mixing
angleis p2 = ¥£2; p than it doeswhen this angleis . As a result, the °avor content
of the neutrinos coming from the Sun can be di®eren in the two caseg[10].

Solar and long-baseline reactor neutrino data establish that the behavior of solar
neutrinos is governed by a Large-Mixing-Angle (LMA) MSW e®ect(seeSec.ll). Let us
estimate the probability P(°e! ©¢) that a solar neutrino that undergoesthe LMA-MSW
e®ectin the Sun still hasits original °¢ °avor when it arrives at the Earth. We focus
on the neutrinos produced by 8B deca, which are at the high-energy end of the solar
neutrino spectrum. At r ' 0, where the solar neutrinos are created, the electron density
Ne ' 6£ 10%°/cm?® [11] yields for the interaction energy V of Eq. (13:21) the value
0:75£ 101 ® eV2/MeV. Thus, for ¢ m2 in the favored region, around 8 £ 10 ° eV?,
and E a typical B neutrino energy (» 6-7 MeV), Hyy dominates over Hy . This means
that, in rst approximation, H(r * 0) is diagonal. Thus, a B neutrino is born not
only in a °¢ °avor eigenstate, but also, again in rst approximation, in an eigenstate
of the Hamiltonian H(r ' 0). SinceV > 0, the neutrino will be in the heavier of the
two eigenstates.Now, under the conditions where the LMA-MSW e®ectoccurs, the
propagation of a neutrino from r * 0 to the outer edgeof the Sun is adiabatic. That is,
Ne(r) changessuzciently slowly that we may solve Schradinger's equation for oner at
a time, and then patch together the solutions. This meansthat our neutrino propagates
outward through the Sun as one of the r-dependen eigenstatesof the r-dependert H(r).
Since the eigernvalues of H(r) do not crossat any r, and our neutrino is born in the
heavier of the two r = 0O eigenstates,it emergesfrom the Sun in the heavier of the two
Hy eigenstates[12]. The latter is the masseigenstatewe have called °», given according
to Eq. (13:18) by

0y = Ogsinp + ¢ cOSt (13:23)

Sincethis is an eigenstateof the vacuum Hamiltonian, the neutrino remainsin it all the
way to the surface of the Earth. The probability of observing the neutrino asa °e on
Earth is then just the probability that °» is a®e. That is [cf. Eq. (13:23)] [13],

P(Ce! %) = sinPp : (13:24)

We note that for = < ¥#4, this °¢ survival probability is lessthan 1/2. In corntrast, when
matter e®ectsare negligible, the energy-averaged survival probability in two-neutrino
oscillation cannot be lessthan 1/2 for any mixing angle [seeEq. (13:20)] [14].

Il. The evidence for °avor metamorphosis, and what it has taught us: The
persuasienessof the evidencethat neutrinos actually do change °avor in nature is
summarizedin Table 13.1. We discussthe di®eren piecesof evidence,and what, together,
they imply.
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13. Neutrino mixing 7

Table 13.1: The persuasienessof the evidencefor neutrino °avor change. The
symbol L denotesthe distance travelled by the neutrinos. LSND is the Liquid
Scintillator Neutrino Detector experiment, and MiniBo oNE is an experiment
designedto con rm or refute LSND.

Neutrinos Evidence for Flavor Change
Atmospheric Compelling
Accelerator (L = 250 and 735km) Compelling
Solar Compelling
Reactor (L » 180km) Compelling
From Stopped!* Decay (LSND) Uncon rmed by MiniBo oNE

The atmospheric neutrinos are produced in the Earth's atmosphereby cosmic rays,
and then detected in an underground detector. The °ux of cosmic rays that lead to
neutrinos with energiesabove a few GeV is isotropic, sothat theseneutrinos are produced
at the samerate all around the Earth. This can easily be shonvn to imply that at any
underground site, the downward- and upward-going °uxes of multi-GeV neutrinos of a
given °avor must be equal. That is, unlesssomemedanism changesthe °ux of neutrinos
of the given °avor as they propagate, the °ux coming down from zenith angle py must
equal that coming up from angle % pz [15].

The underground Super-Kamiokande (SK) detector nds that for multi-GeV
atmospheric muon neutrinos, the pz event distribution looks nothing like the expected
by , Yi Kz symmetric distribution. For cospy 5 0:3, the obsened °: °ux coming up
from zenith angle % 7 is only about half that coming down from anglepz [16]. Thus,
some medanism does changethe °: °ux asthe neutrinos travel to the detector. Since
the upward-going muon neutrinos come from the atmosphereon the opposite side of the
Earth from the detector, they travel much farther than the downward-going onesto reac
the detector. Thus, if the muon neutrinos are oscillating away into another °avor, the
upward-going oneshave more distance (hence more time) in which to do so, which would
explain why Flux Up < Flux Down.

If atmospheric muon neutrinos are disappearing via oscillation into another °avor, then
a signi cant fraction of accelerator-generatedmuon neutrinos should disappear on their
way to a suzciently distant detector. This disappearancehas beenobsened by both the
K2K [17] and MINOS [18] experiments. Each of theseexperiments measuresits °: °ux in
a detector near the neutrino source,before any oscillation is expected, and then measures
it againin a detector 250km from the sourcein the caseof K2K, and 735km from it in
the caseof MINOS. In its far detector, MINOS has obsened 215°: ewents in a data
samplewhere 3368 14:4 events would have beenexpected, in the absenceof oscillation,
on the basis of the near-detector measuremets. Both K2K and MINOS also nd that
the energy spectrum of surviving muon neutrinos in the far detector is distorted in a way
that is consistert with two-neutrino oscillation.

The null results of short-baseline reactor neutrino experiments [8] imply limits on
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8 13. Neutrino mixing

P(°e! °1), which, assuming CPT invariance, are also limits on P(°1 ! ©%g). From
the latter, we know that the neutrinos into which the atmospheric, K2K, and MINOS
muon neutrinos oscillate are not electron neutrinos, except possibly a small fraction of
the time. All of the voluminous SK atmospheric neutrino data, corroborating data from
other atmospheric neutrino experiments [19,20], K2K accelerator neutrino data, and
existing MINOS accelerator neutrino data, are very well described by pure °. I ©;
quasi-two-neutrino oscillation. The allowed region for the oscillation parameters, ¢ mgtm
and sin 2uatm, Which may be identied respectively with the parameters ¢ M 2 and
4T: (1§ T:) in Eq. (13:15), is shavn in Fig. 13.1. We note that this gure implies that at
least one masseigenstate®; must have a massexceedingdOmeV.

A~ MINOS Preliminary
Ny 0-008 = T T T
c\; - %  MINOS Best Fit .
O b Tttt MINOS 68% CLL. -
—""F =—— MINOS90%C.L. i
~E | —— skoowclL 1
E oo ssseeeer SK(LE) 90% C.L. -
O e K2K Q0% Caberem et ]
0.003:— "‘.,. —
0.002:— BRRbLEE SLLLLEE
o.001:— —:

B A I R R U N |

02 0.5 0.6 0.7 0.8 05 1

sin“(2q,,,,,)

Figure 13.1: The region of the atmospheric oscillation parameters ¢ m2, . and

sin? 2uam allowed by the SK, K2K, and MINOS data. The results of two di®ereri
analysesof the SK (\Sup er K") data are shown [21]. Seefull-color versionon color
pagesat end of book.
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13. Neutrino mixing 9

The neutrinos created in the Sun have beendetected on Earth by seweral experimens,
as discussedby K. Nakamura in this Review The nuclear processegshat power the Sun
make only °e, not °: or °,. For years, solar neutrino experiments had been nding that
the solar®e °ux arriving at the Earth is below the one expected from neutrino production
calculations. Now, thanks especially to the Sudbury Neutrino Obsenatory (SNO), we
have compelling evidencethat the missing®e have simply changedinto neutrinos of other
cavors.

SNO has studied the °ux of high-energy solar neutrinos from 8B deca. This
experiment detects these neutrinos via the reactions

o+d! e +p+p; (13:25)

°+d! °+p+n; (13:26)
and

O+e | O+gl (13:27)

The rst of these reactions, charged-currert deuteron breakup, can be initiated only
by a °e. Thus, it measuresthe °ux A(°¢) of °¢ from 8B decay in the Sun. The
secondreaction, neutral-current deuteron breakup, can be initiated with equal cross
sections by neutrinos of all active °avors. Thus, it measuresA(°¢) + A(°x, ), where
A(°1;¢) is the °ux of °2 and/or °, from the Sun. Finally, the third reaction, neutrino
electron elastic scattering, can be triggered by a neutrino of any active °avor, but
Y, el %1, €)' ¥°ce! ©°¢€)=6:5. Thus, this reaction measuresA(®¢) + A(°x; )=6:5.
SNO nds from its obsened rates for the two deuteron breakup reactions that [22]

__ACe)
Al%e) + A(°x; )

= 0:340§ 0:023(stat) 4857 (syst) : (13:28)

Clearly, A(°x.; ) is not zero. This non-vanishing °x.; °ux from the Sun is \smoking-gun"
evidencethat someof the °¢ producedin the solar core do indeed change °avor.

Corroborating information comesfrom the detection reaction °el ! °ei , studied by
both SNO and SK [23].

Change of neutrino °avor, whether in matter or vacuum, does not change the total
neutrino °ux. Thus, unless some of the solar °¢ are changing into sterile neutrinos,
the total active high-energy °ux measured by the neutral-current reaction (13.26)
should agree with the predicted total 8B solar neutrino °ux basedon calculations of
neutrino production in the Sun. This predicted total is (5:49%37) £ 10f cmi 2si L or

(4:34?%%%) £ 10° cmi 2si 1, depending on assumptions about the solar heary elemer
abundances[24]. By comparison, the total active °ux measuredby reaction (13.26)
is [4:948 0:21(stat) T35 (syst)] £ 10° cmi 251 1, in good agreemem This agreemen
provides evidencethat neutrino production in the Sun is correctly understood, further
strengthens the evidencethat neutrinos really do change °avor, and strengthens the
evidencethat the previously-reported de cits of solar °¢ °ux are due to this change of
cavor.
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10 13. Neutrino mixing

The strongly favored explanation of B solar neutrino °avor changeis the LMA-MSW
e®ect. As pointed out after Eq. (13:24), a °¢ survival probability below 1/2, which is
indicated by Eq. (13:28), requires that solar matter e®ectsplay a signi cant role [25].
Howewer, from EqQ. (13:22) we seethat as the energy E of a solar neutrino decreases,
the vacuum (1st) term in the Hamiltonian H dominates more and more over the matter
term. When we go from the 8B neutrinos with typical energiesof » 6-7MeV to the
monoenergetic ‘Be neutrinos with energy 0.862MeV, the matter term becomesfairly
insigni cant, and the °¢ survival probability is expected to be given by the vacuum
oscillation formula of Eqg. (13:20). In this formula, p is to be taken as the vacuum solar
mixing anglep ' 35* implied by the 8B solar neutrino data via Egs. (13.28) and (13.24).
When averagedover the energy-line shape, the oscillatory factor sin?[1:27¢ m2(L=E)] is
1/2, sothat from Eq. (13:20) we expect that for the 'Be neutrinos, P (°¢ ! %¢) ¥ 0:6.

The Borexino experiment has now provided the rst real time detection of the
0.862MeV ’Be solar neutrinos [26]. Borexino usesa liquid scirtillator detector that
detects these neutrinos via elastic neutrino-electron scattering. The experiment reports a
’Be % courting rate of [47§ 7(stat) § 12(syst)] counts/day/100 tons. Without any °avor
change, this rate would have beenexpectedto be [758 4] counts/day/100 tons. With the
degreeof °avor change predicted by our understanding of the B data [27] (seerough
argumert above), the rate would have beenexpectedto be [498 4] counts/day/100 tons.
The Borexino data are in nice agreemen with the latter expectation, and the Borexino
Collaboration is vigorously engagedin reducing its uncertainties.

The LMA-MSW interpretation of B solar neutrino behavior implies that a substartial
fraction of reactor ¢ that travel more than a hundred kilometers should disappear into
antineutrinos of other °avors. The KamLAND experiment [28], which studies reactor
e that typically travel » 180 km to reach the detector, con rms this disappearance.
In addition, KamLAND nds that the spectrum of the surviving ®e that do reac
the detector is distorted, relative to the no-oscillation spectrum. As Fig. 13.2 shows,
the survival probability P (°c ! ©¢) measuredby KamLAND is very well described by
the hypothesis of neutrino oscillation. In particular, the measuredsurvival probability
displays the signature oscillatory behavior of the two-neutrino expressionof Eq. (13:20).
Ideally, the data in Fig. 13.2would be plotted vs. L=E. However, KamLAND detectsthe
e from a number of power reactors, at a variety of distancesfrom the detector, so the
distance L travelled by any given °¢ is unknown. Consequetly, Fig. 13.2 plots the data
vs. Lo=E, where Lo = 180km is a °ux-w eighted averagetravel distance. The oscillation
curve and histogram in the gure take the actual distancesto the individual reactors
into accourt. Nevertheless,almost two cycles of the sinusoidal structure expected from
neutrino oscillation are still plainly visible.

The region allowed by solar neutrino experiments for the two-neutrino vacuum
oscillation parameters¢ m2 and p, and that allowed by KamLAND for what we believe
to be the sameparameters, are shavn in Fig. 13.3. From this gure, we seethat there is
a region of overlap. This is strong evidencethat the behavior of both solar neutrinos and
reactor antineutrinos has beencorrectly understood. A joint analysis of KamLAND and
solar neutrino data assumingCP T invariance yields ¢ m2 = (7:598§ 0:21)£ 10 ® eV2

and tan?p = 0:47T%§8g [28].
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Figure 13.2: Ratio of the badkground- and geo-neutrinosubtracted ®¢ spectrum to
the no-oscillation expectation as a function of Lo=E [28]. Seetext for explanation.
Seefull-color version on color pagesat end of book.

That patm and = are both large, in striking contrast to all quark mixing angles,is
very interesting.

The neutrinos studied by the LSND experimert [29] comefrom the decay 1 * | €' %%
of muons at rest. While this decay does not produce ¢, an excessof ¢ over expected
badkground is reported by the experiment. This excesss interpreted asdue to oscillation
of some of the @2 produced by ** decay into ®e. The related Karlsruhe Rutherford
Medium Energy Neutrino (KARMEN) experiment [30] seesno indication for sud an
oscillation. Howewver, the LSND and KARMEN experiments are not identical; at LSND
the neutrino travels a distance L ¥4 30m before detection, while at KARMEN it travels
L ¥4 18m. The KARMEN results exclude a portion of the neutrino parameter region
favored by LSND, but not all of it. A joint analysis[31] of the results of both experiments
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Figure 13.3: Regionsallowed by the \solar" neutrino oscillation parameters by
KamLAND and by solar neutrino experiments [28]. Seefull-color version on color
pagesat end of book.

“nds that a splitting 0:25 ¢ m?gp 5 1eV2 and mixing 0:003 5 sin? 2y snp 5 0:03,
or a splitting ¢ m?gyp ' 7€V2 and mixing sin? 2y gyp ' 0:004, might explain both
experimerts.

To con rm or exclude the LSND oscillation signal, the MiniBo oNE experiment was
launched. MiniBo oNE studies °: and °1 that travel a distance L of 540m and have a
typical energyE of 700MeV, sothat L=E is of order 1Lkm/GeV asin LSND. MiniBo oNE's
‘rst results [32], regarding a seard for °1 ! % oscillation in a °2 beam, do not con rm
LSND. For neutrino energies475< E < 3000MeV, there is no signi cant excessof everts
above badkground. A joint analysis of the MiniBo oNE data at these energiesand the
LSND data excludesat 98% CL two-neutrino °= ! g oscillation as an explanation of the
LSND €% excess.To be sure, there is an excessof MiniBo oNE °¢ candidate events below
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475MeV. This low-energy excesscannot be explained by two-neutrino oscillation, and
its sourceis being studied. Possibilities include an unidenti ed background, a Standard
Model e®ectthat has been proposedonly recertly [33], and many-neutrino oscillation
with a CP violation that allows the antineutrino oscillation reported by LSND to di®er
from the neutrino results reported so far by MiniBo oNE [34].

The MiniBo oNE detector is illuminated by both the neutrino beam constructed for
the purpose, and the beam that is aimed at the MINOS detector. The distance L to
MiniBo oNE from the neutrino sourceis 40% larger in the latter beamthan in the former.
When matter e®ectsmay be neglected, the probability of oscillation dependson L and
the beam energy E only through L=E [cf. Eq. (13:9)]. Thus, if the low-energy excess
seenby MiniBo oNE is neutrino oscillation, it should appear at a 40% higher energy in
the beamdirected at MINOS than in MiniBo oNE's own beam. Whether it doesor not is
under investigation.

The regions of neutrino parameter space favored or excluded by various neutrino
oscillation experimerts are shovn in Fig. 13.4.

[ll. Neutrino spectra and mixings: If there are only three neutrino masseigenstates,
©41;%2, and °3, then there are only three masssplittings ¢ mﬁ , and they obviously satisfy
¢m3,+ ¢m3, + ¢m23=0: (13:29)

32 21 13- Y. -

However, as we have seen,the ¢ m? values required to explain the °avor changesof the
atmospheric, solar, and LSND neutrinos are of three di®erert orders of magnitude. Thus,
they cannot possibly obey the constraint of Eq. (13:29). If all of the reported changesof
°avor are geruine, then nature must cortain at least four neutrino masseigenstates[35].
As explainedin Sec.l, onelinear combination of these masseigenstateswould have to be
sterile.

If further MiniBo oNE results do not con rm the LSND oscillation, then nature
may well contain only three neutrino mass eigenstates. The neutrino spectrum then
cortains two mass eigenstatesseparated by the splitting ¢ m2 neededto explain the
solar and KamLAND data, and a third eigenstate separated from the rst two by the
larger splitting ¢ mgtm called for by the atmospheric, MINOS, and K2K data. Current
experiments do not tell us whether the solar pair | the two eigenstatesseparated
by ¢ m2 | is at the bottom or the top of the spectrum. These two possibilities are
usually referred to, respectively, as a normal and an inverted spectrum. The study of
cavor changesof accelerator-generatedneutrinos and antineutrinos that pass through
matter can discriminate between these two spectra (see Sec.V). If the solar pair is at
the bottom, then the spectrum is of the form showvn in Fig. 13.5. There we include the
approximate °avor content of eady masseigenstate,the °avor-® fraction of eigenstate?;
being simply ji°@j°iij 2 = jUgij2. The °avor content shavn assumesthat the atmospheric
mixing angle is maximal, which givesthe best t to the atmospheric data [16] and, as
indicated in Fig. 13.1, to the MINOS data. The content shavn also takesinto accourt
the now-establishedLMA-MSW explanation of solar neutrino behavior. For simplicity, it
neglectsthe small, as-yet-unknown °¢ fraction of °3 (seebelow).
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Figure 13.4: The regionsof squared-masssplitting and mixing angle favored or
excluded by various experiments. This gure was cortributed by H. Murayama
(University of California, Berkeley). Referencesto the data usedin the gure can
be found at http://hitoshi.b erkeleyedu/neutrino/. Seefull-color version on color
pagesat end of book.
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13. Neutrino mixing 15

Figure 13.5: A three-neutrino squared-massspectrum that accourts for the
obsened °avor changesof solar, reactor, atmospheric, and long-baselineaccelerator
neutrinos. The %¢ fraction of eadh masseigenstateis crosshatted, the °: fraction
is indicated by right-leaning hatching, and the °; fraction by left-leaning hatching.

When there are only three neutrino mass eigenstates,and the correspnding three
familiar neutrinos of de nite °avor, the leptonic mixing matrix U can be written as

o o o
2 1 2 3

Pt
e C12€13 _ $12C13 ~ sp3el ®
— . . + . +
U= % 4 51263 C12523513€F  C12C23i S12523513€  Sp3Ciz ©
. + . . +
°;  S12523j C12C23513€™ | C12S23i S12C23513€"  C23C13

£ diag(e®17?; & ®272; 1) : (13:30)

Here, °1 and °, are the members of the solar pair, with m> > mj, and °3 is the
isolated neutrino, which may be heavier or lighter than the solar pair. Inside the matrix,
Gj ~ cosl andsj © sinyj, where the three | 's are mixing angles. The quartities
+ ®;, and ® are CP-violating phases.The phases®; and ®, known as Majorana
phases, have physical consequence®nly if neutrinos are Majorana particles, identical
to their antiparticles. Then these phasesin°uence neutrinoless double-beta decay [see
Sec.1V] and other processeq36]. Howewer, as we seefrom Eg. (13:9), ®; and ® do
not a®ectneutrino oscillation, regardlessof whether neutrinos are Majorana particles.
Apart from the phases®;; ®), which have no quark analogues,the parametrization of
the leptonic mixing matrix in Eq. (13:30) is identical to that [37] advocated for the quark
mixing matrix by Ceccucci,Ligeti, and Salai in their article in this Review

From bounds on the short-distance oscillation of reactor ®¢ [8] and other data, at
2% jUegj? 5 0:032[38]. (Thus, the °¢ fraction of °3 would have beentoo small to
seein Fig. 13.5; this is the reasonit was neglected.) From Eq. (13:30), we seethat
the bound on jUgsj? implies that sfg s 0:.032. From Eqg. (13:30), we also seethat the
CP-violating phase +, which is the sole phasein the U matrix that can produce CP
violation in neutrino oscillation, enters U only in combination with s13. Thus, the size of
CP violation in oscillation will depend on s13.
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16 13. Neutrino mixing

Given that s13 is small, Egs. (13.30), (13.15), and (13.17) imply that the atmospheric
mixing angle patm extracted from °: disappearancemeasuremets is approximately o3,
while Egs. (13.30) and (13.18) (with °@ = °c and pu= ) imply that = " pyo.

IV. The neutrino-antineutrino relation:  Unlike quarks and charged leptons,
neutrinos may be their own antiparticles. Whether they are dependson the nature of the
physicsthat givesthem mass.

In the Standard Model (SM), neutrinos are assumedto be massless.Now that we
know they do have massesit is straightforward to extend the SM to accommalate these
massesn the sameway that this model accommalates quark and charged lepton masses.
When a neutrino ° is assumedto be massless,the SM does not contain the chirally
right-handed neutrino eld °g, but only the left-handed eld °| that couplesto the W
and Z bosons. To accommalate the © massin the same manner as quark massesare
accommalated, we add °r to the Model. Then we may construct the \Dirac massterm"”

Lp=imp% °r+ hic: ; (13:31)

in which mp is a constart. This term, which mimics the massterms of quarks and
charged leptons, consenes the lepton number L that distinguishes neutrinos and
negatively-charged leptons on the one hand from antineutrinos and positively-charged
leptons on the other. Since everything elsein the SM also consenesL, we then have an
L-conservingworld. In such a world, ead neutrino mass eigenstate®; di®ers from its
antiparticle ©;, the di®erencebeing that L(%) = j L(°j). When ; 6 °;, we refer to the
% i % complexasa \Dirac neutrino."

Once°r hasbeenaddedto our description of neutrinos, a \Ma jorana massterm,”
Lm = i mrOS°r + hic: (13:32)

can be constructed out of °g and its charge conjugate, °§. In this term, mg is another
constart. Since both °g and % absorb © and create ©; L)y mixes® and ©. Thus, a
Majorana massterm doesnot consene L. In somewhatthe sameway that, neglecting
CP violation, K?j K0 mixing Id:ausesthe neutral kaon mass eigenstatesto be the
self-conjugatestates (K ° § K9)= 2, the ° j @ mixing induced by a Majorana massterm
causesthe neutrino mass eigenstatesto be self-conjugate: ®7 = °;. That is, for a given
helicity h; &j(h) = °;(h). We then referto °; asa \Ma jorana neutrino."

Supposethe right-handed neutrinos required by Dirac massterms have been added
to the SM. If we insist that this extended SM consene L, then, of course, Majorana
mass terms are forbidden. Howewer, if we do not impose L consenation, but require
only the generalprinciples of gaugeinvariance and renormalizability, then Majorana mass
terms like that of Eq. (13:32) are expected to be presen. As a result, L is violated, and
neutrinos are Majorana particles [39].

In the see-sav mechanism [40], which is the most popular explanation of why neutrinos
| although massive | are neverthelessso light, both Dirac and Majorana massterms
are presen. Hence, the neutrinos are Majorana particles. Howewer, while half of them
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are the familiar light neutrinos, the other half are extremely heavy Majorana particles
referred to asthe N;j, with massespossibly as large asthe GUT scale. The N; may have
played a crucial role in baryogenesign the early universe,as we shall discussin Sec.V.

How can the theoretical expectation that nature contains Majorana massterms, so
that L is violated and neutrinos are Majorana particles, be con rmed experimentally?
The promising approad is to seard for neutrinoless double-beta decay (0° ). This
is the process(A;Z) ! (A;Z + 2)+ 2el , in which a nucleus containing A nucleons,
Z of which are protons, decas to a nucleus containing Z + 2 protons by emitting two
electrons. While 0°  canin principle receiwe contributions from a variety of medcanisms
(R-parit y-violating supersymmetric couplings, for example), it is easyto showv explicitly
that its obsenation at any non-vanishing rate would imply that nature contains at least
one Majorana neutrino massterm [41]. The neutrino mass eigenstatesmust then be
Majorana neutrinos.

Quarks and charged leptons cannot have Majorana massterms, becausesud terms
mix fermion and antifermion, and q$ gor °$ ~ would not consene electric charge.
Thus, the discovery of 0°  would demonstrate that the physics of neutrino massesis
unlike that of the massesof all other fermions.

The dominant mechanism for 0°  is expected to be the one depicted in Fig. 13.6.
There, a pair of virtual W bosonsare emitted by the parent nucleus, and then these
W bosonsexdiange one or another of the light neutrino masseigenstates®; to produce
the outgoing electrons. The 0°  amplitude is then a sum over the cortributions of the
di®erert °;. It is assumedthat the interactions at the two leptonic W vertices are those
of the SM.

Figure 13.6: The dominant mecanism for 0° . The diagram does not exist
unless®; = °;.

Sincethe exdhanged?; is createdtogether with an el , the left-handed SM current that
createsit givesit the helicity we assaiate, in common parlance, with an \antineutrino.”
That is, the °; is almost totally right-handed, but has a small left-handed-helicity
componert, whoseamplitude is of order m;=E, where E is the °; energy At the vertex
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18 13. Neutrino mixing

where this ©; is absorbed, the absorbing left-handed SM current can absorb only its
small left-handed-helicity componert without further suppression.Consequetly, the
°;-exdhange cortribution to the 0°  amplitude is proportional to m;. From Fig. 13.6,
we seethat this contribution is also proportional to Uezi. Thus, summing over the
cortributions of all the °;, we concludethat the amplitude for 0°  is proportional to the
quartit y

mi Uezii’ j<m—>j ; (13:33)

||>|<|I

|
commonly referred to as the \e®ective Majorana mass for neutrinoless double-beta
decy" [42].

To how small an j < m— > j should a 0°  seard be sensitive? In answering this
guestion, it makes senseto assumethere are only three neutrino masseigenstates| if
there are more, j < m— > | might be larger. Supposethat there are just three mass
eigenstates,and that the solar pair, °1 and °», is at the top of the spectrum, sothat we
have an inverted spectrum. If the various °; are not much heavier than demandedby the
obsened splittings ¢ mgtm and ¢ m2, then in j < m— > j, Eq. (13.33), the cortribution
of °3 may be neglected, becauseboth m3 and er23j = 3%3 are small. From Egs. (13.33)
and (13.30), approximating cy13 by unity, we then have that

S

ﬂ
Yt ®

j<m—>j' mp 1j sin?2u sin? (13:34)

2
Here, mg is the average massof the members of the solar pair, whose splitting will be
invisible in a practical 0°  experiment, and ¢ ® ~ ® i ®; is a CP-violating phase.
Although ¢ ® is completely unknown, we seefrom Eq. (13.34) that

j<m—>j, mgcos2u (13:35)
aq q
Now, in an inverted spectrum, mg, ¢ m2, . At 90% CL, ¢ mZ,, > 45meV [see

Fig. 13.1], while at 95% CL, cos2u- > 0:25 [see Fig. 13.3]. Thus, if neutrinos are
Majorana particles, and the spectrum is aswe have assumed,a 0° ~ experimernt sensitive
to j < m— > j 5 10 meV would have an excellent chance of observing a signal. If the
spectrum is inverted, but the °; massesare larger than the ¢ m%,.. - and ¢ m2 -demanded
minimum values we have assumedabove, then onceagainj < m—— > j is larger than 10
meV [43], and an experiment sensitive to 10 meV still has an excellert chanceof seeinga
signal.

If the solar pair is at the bottom of the spectrum, rather than at the top, then
] < m— > jis not astightly constrained, and can be anywhere from the presert bound
of 0.3{1.0 eV down to invisibly small [43,44]. For a discussionof the presernt bounds, see
the article by Vogel and Piepke in this Review [45].

V. Questions to be answer ed: The strong evidencefor neutrino °avor metamorphosis
| henceneutrino mass| opensmany questionsabout the neutrinos. These questions,
which hopefully will be answered by future experimens, include the following:
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i) How many neutrino species are there? Do sterile neutrinos exist?

This question is being addressedby the MiniBo oNE experiment [32]. If MiniBo oNE's
‘nal result is positive, the implications will be far-reaching. We will have learned that
either there are more than three neutrino speciesand at least one of these speciesis
sterile, or elsethere is an even more amazing departure from what has beenour picture
of the neutrino world.

i) What are the massesof the masseigenstates®;?

Assuming there are only three °;, we needto nd out whether the solar pair, °1.2, is at
the bottom of the spectrum or at its top. This can be done by exploiting matter e®ectsin
long-baselineneutrino and antineutrino oscillations. These matter e®ectswill determine
the sign one wishesto learn | that of fm3j [(m3+ m%)=2]g| relative to a sign that
is already known | that of the interaction energyof Eq. (13:21). Grand uni ed theories
favor a spectrum with the closely spacedsolar pair at the bottom [46]. The neutrino
spectrum would then resenble the spectra of the quarks, to which grand uni ed theories
relate the neutrinos. A neutrino spectrum with the closely spacedsolar pair at the top
would be quite un-quark-like, and would suggestthe existenceof a new symmetry that
leadsto the near degeneracyat the top of the spectrum.

While °avor-change experiments can determine a spectral pattern sudch as the one
in Fig. 13.5, they cannot tell us the distance of the ertire pattern from the zero of
squared-mass.One might discover that distance via study of the =~ energy spectrum
in tritum — deca, if the massof some®; with appreciable coupling to an electron is
large enough to be within reach of a feasible experiment. One might also gain some
information on the distance from zero by measuringj< m—— > j, the e®ective Majorana
massfor neutrinoless double-beta decay [43{45] (seeVogel and Piepke in this Review).
Finally, one might obtain information on this distance from cosmologyor astrophysics.
Indeed, from current cosmologicaldata and some cosmologicalassumptions,it is already
concludedthat [47] X

m; < (0:17j 2:0)eV : (13:36)
|
Here, the sum runs over the massesof all the light neutrino masseigenstates®; that may
exist and that were in thermal equilibrium in the early universe. The range quoted in
Eg. (13:36) re°ects the dependenceof this upper bound on the underlying cosmological
assumptionsand on which data are used[47].

If there are just three °;, and their spectrum is either the one showvn in Fig. 13.50r its
inverted version, then Eq. (13:36) implies that the massof the heaviest °;, Mass [Heaviest
%l Ccannot exceed(0.07 { 0.7) eV. Moreover, Mass [Heaviest °;] obviously cannot be less

than ¢ m2,., which in turn is not lessthan 0.04 eV, as previously noted. Thus, if the
cosmologicalassumptionsbehind Eq. (13:36) are correct, then

0:04eV < Mass[Heaviest°i] < (0:07; 0:7)eV : (13:37)
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20 13. Neutrino mixing

iii ) Are the neutrino masseigenstatesMajorana particles?

The con rmed obsenation of neutrinoless double-beta decay would establish that the
answer is \y es." If there are only three °;, knowledgethat the spectrum is inverted and
a de nitiv e upper bound on j < m— > j that is well belov 0.01 eV would establish
(barring exotic cortributions to 0° ) that the answer is \no" [see discussion after
Eq. (13:35)] [43,44].

Iv) What are the mixing anglesin the leptonic mixing matrix U?

The solar mixing angle ' W2 is already rather well determined.

The atmospheric mixing angle patm ' o3 is constrained by the most stringent analysis
to lie, at 90% CL, in the region where sin 2uatm > 0:92 [16]. This region is still fairly
large: 37* to 53*. A more precise value of sin? 2uam, and, in particular, its deviation
from unity, can be sough in precision long-baseline®: disappearanceexperimerts. If
sin? 2Uatm 6 1, sothat patm 6 45%, one can determine whether it lies below or above 45*
with the help of a reactor ¢ experiment [48,49]. Once we know whether the neutrino
spectrum is normal or inverted, this determination will tell us whether the heaviest mass
eigenstateis more °; than °:, as naively expected, or more °: than °, [cf. Eq. (13:30)].

A knowledge of the small mixing angle py3 is important not only to help complete our
picture of leptonic mixing, but also because,as Eq. (13:30) made clear, all CP -violating
e®ectsof the phase + are proportional to sinp3. Thus, a knowledge of the order of
magnitude of w3 would help guide the planning of experiments to probe CP violation.
From Eq. (13:30), we recall that sin? py3 is the °¢ fraction of °3. The °3 is the isolated
neutrino that lies at one end of the atmospheric squared-massgap ¢ mgtm, SO an
experiment seekingto measure 3 should have an L=E that makes it sensitive to
¢ mZ,,, and should involve °¢. Planned approades include a sensitive seart for the
disappearanceof reactor e while they travel a distance L » 1 km, and an accelerator
neutrino seart for °2 | °; and®t ! % with a beamlineL > seweral hundred km.

If LSND is con rmed, then (barring the still more revolutionary) the matrix U is at
least4£ 4, and contains many more than three angles. A rich program, including short
baseline experiments with multiple detectors, will be neededto learn about both the
squared-massspectrum and the mixing matrix.

Given the large sizesof patm and i, we already know that leptonic mixing is
very di®erent from its quark cournterpart, where all the mixing anglesare small. This
di®erence,and the striking corntrast betweenthe tiny neutrino massesand the very much
larger quark massessuggestthat the physicsunderlying neutrino massesand mixing may
be very di®erernt from the physics behind quark massesand mixing.

v) Doesthe behavior of neutrinos violate CP ?

From Egs. (13.9), (13.13), and (13.30), we seethat if the CP-violating phase +
and the small mixing angle 3 are both non-vanishing, there will be CP-violating
di®erencesbetween neutrino and antineutrino oscillation probabilities. Obsenation of
these di®erencesvould establishthat CP violation is not a peculiarity of quarks.

The CP-violating di®erenceP(°e ! °-)i P(°®! ©—) between \neutrino" and
\antineutrino” oscillation probabilities is independert of whether the mass eigenstates
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°; are Majorana or Dirac particles. To study °: ! ©°¢ with a super-intense but
cornvertionally generated neutrino beam, for example, one would create the beam via
the process¥d ! 17 9, and detect it via °j + target ! e + :::. To study ©1 ! g,
one would create the beamvia ¥4 ! 1i @ and detect it via @ + target ! " + ::..
Whether ©; = ©; or not, the amplitudes for the latter two processesare proportional to
Uy and Ug, respectively. In cortrast, the amplitudes for their °2 | ©°¢ courterparts
are proportional to U and Ugi. As this illustrates, Eq. (13:13) relates \neutrino” and
\antineutrino" oscillation probabilities even when the neutrino masseigenstatesare their

own antiparticles.

The baryon asymmetry of the universecould not have developed without someviolation
of CP during the universe'searly history. The one known sourceof CP violation | the
complex phasein the quark mixing matrix | could not have produced suzciently large
e®ects. Thus, perhaps leptonic CP violation is responsible for the baryon asymmetry.
The see-sa medanism predicts very heavy Majorana neutral leptons N; (seeSec.IV),
which would have beenproduced in the Big Bang. Perhaps CP violation in the leptonic
decays of an N; led to the inequality

i(N;j ! T+ )6 (N T+ 000 (13:38)

which would have resulted in unequal numbers of ** and *i in the early universe[50].
This leptogenesiscould have beenfollowed by nonperturbative SM processeghat would
have cornverted the lepton asymmetry, in part, into the obsened baryon asymmetry [51].

While the connection betweenthe CP violation that would have led to leptogenesis,
and that which we hope to obsene in neutrino oscillation, is model-dependert, it is
not likely that we have either of these without the other [52], becausein the see-sa
picture, thesetwo CP violations both arise from the samematrix of coupling constarts.
This makesthe seard for CP violation in neutrino oscillation very interesting indeed.
Depending on the rough size of 3, this CP violation may be obsenable with a very
intense corventional neutrino beam, or may require a \neutrino factory," whoseneutrinos
come from the deca of stored muons or radioactive nuclei. The detailed study of CP
violation may require a neutrino factory in any case.

With a convertional beam, onewould seekCP violation, and try to determine whether
the mass spectrum is normal or inverted, by studying the oscillations °. | ©°¢ and
T 1 9. The appearanceprobability for °¢ in a beamthat is initially °: can be written
for sin? 23 < 0:2 [53]

P(:1 ! %) 2 sin®23T1i ®sin2u3To+ ®sin2z T+ @Ts (13:39)

Here, ® " ¢ m3,=¢ m3, is the small (» 1=30) ratio between the solar and atmospheric
squared-masssplittings, and
sin?[(1i x)¢]
1ix)z 7
sin(x¢) sin[(1j x)¢]
Lix)

Ty = sin® pp3 (13:40)

To = sinxsin2py2 Sin2up3 Sin¢ (13:41)
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sin(x¢) sin[(1j x)¢]

T3 = €c0s*Sin 2y 2 Sin 2up3 cose ;
2 S i x)

(13:42)

and )
sin“(x¢) _

Ty = co o3 sin® 212
In these expres&ions,d: " ¢ m%,L=4E is the kinematical phase of the oscillation. The
quartity x © 2 2Gg NgE=¢ m%l, with Gg the Fermi coupling constart and Ne the
electron number density, is a measureof the importance of the matter e®ectresulting
from coherent forward-scattering of electron neutrinos from ambient electrons as the
neutrinos travel through the earth from the source to the detector [cf. Sec.1]. In
the appearance probability P(°: ! ©¢), the T1 term represens the oscillation due
to the atmospheric-mass-splitting scale, the T4 term represents the oscillation due
to the solar-mass-splitting scale, and the T> and T3 terms are the CP-violating and
CP-conservinginterferenceterms, respectively.

The probability for the corresponding antineutrino oscillation, P(°T ! %), is the same
as the probability P(°x ! ©¢) given by Egs. (13.39){(13.43), but with the signsin front
of both x and sin* reversed: both the matter e®ectand CP violation lead to a di®erence
betweenthe °. I °c and ®T ! %% oscillation probabilities. In view of the dependenceof
x on ¢ m3,, and in particular on the sign of ¢ m3;, the matter e®ectcan reveal whether
the neutrino mass spectrum is normal or inverted. Howewer, to determine the nature
of the spectrum, and to establish the presenceof CP violation, it obviously will be
necessanto disertangle the matter e®ectfrom CP violation in the neutrino-antineutrino
oscillation probability di®erencethat is actually obsened. To this end, complemerary
measuremelts will be extremely important. These can take advantage of the di®ering
dependenceson the matter e®ectand on CP violation in P(°1 ! 9¢).

vi) Wil l we enoounter the completely unexpected?

The study of neutrinos has been characterized by surprises. It would be surprising if
further surpriseswere not in store. The possibilities include new, non-Standard-Model
interactions, unexpectedly large magnetic and electric dipole momerts [54], unexpectedly
short lifetimes, and violations of CP T invariance, Lorentz invariance, or the equivalence
principle.

The questions we have discussed,and other questions about the world of neutrinos,
will be the focus of a major experimental program in the yearsto come.
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