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17. FRAGMENTATION FUNCTIONS
IN e+ e− ANNIHILATION
AND LEPTON-NUCLEON DIS
Revised August 2005 by O. Biebel (Ludwig-Maximilians-Universität, Munich, Germany),
D. Milstead (Fysikum, Stockholms Universitet, Sweden), P. Nason (INFN, Sez. di Milano,
Milan, Italy), and B.R. Webber (Cavendish Laboratory, Cambridge, UK). An extended
version of the 2001 review can be found in Ref. [1]

17.1. Concept of fragmentation
17.1.1. Introduction :
Fragmentation functions are dimensionless functions that describe the ﬁnal-state
single-particle energy distributions in hard scattering processes, like e+ e− annihilation
or deep inelastic lepton-nucleon scattering, or high transverse momentum hadrons in
photon-hadron and hadron-hadron collisions. The √
total e+ e− fragmentation function for
hadrons of type h in annihilation at c.m. energy s, via an intermediate vector boson
V = γ/Z 0 , is deﬁned as
1 dσ + −
(e e → V → hX)
F h (x, s) =
(17.1)
σtot dx
√
where x = 2Eh /√ s ≤ 1 is the scaled hadron energy (in practice, the approximation
x = xp = 2ph / s is often used). Its integral with respect to x gives the average
multiplicity of those hadrons:
 1
dx F h (x, s) .
(17.2)
nh (s) =
0

Neglecting contributions suppressed by inverse powers of s, the fragmentation function
(17.1) can be represented as a sum of contributions from the diﬀerent parton types
i = u, u, d, d, . . . , g:
  1 dz
h
F (x, s) =
(17.3)
Ci (s; z, αS)Dih (x/z, s) .
x z
i

where Dih are the parton fragmentation functions. At lowest order in αS the coeﬃcient
function Cg for gluons is zero, while for quarks Ci = gi (s)δ(1 − z) where gi (s) is the
appropriate electroweak coupling. In particular, gi (s) is proportional to the chargesquared of parton i at s  MZ2 , when weak eﬀects can be neglected. In higher orders
the coeﬃcient functions and parton fragmentation functions are factorization-scheme
dependent.
Parton fragmentation functions are analogous to the parton distributions in deep
inelastic scattering (see sections on QCD and Structure Functions, 9 and 16 of this
Review). In both cases, the simplest parton-model approach would predict a scaleindependent x distribution. Furthermore we obtain similar violations of this scaling
behaviour when QCD corrections are taken into account.
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Fragmentation functions in lepton-hadron scattering and e+ e− annihilation are
complementary. Since e+ e− annihilation results in a neutral oﬀ mass-shell photon or Z 0 ,
fragmentation arising from a pure quark-antiquark system can be studied. Lepton-hadron
scattering is a more complicated environment with which it is possible to study the
inﬂuence on fragmentation functions from initial state QCD radiation, the partonic and
spin structure of the hadron target, and the target remnant system.1
In lepton-hadron scattering, calling p the four momentum of the incoming hadron, and
q the four momentum of the exchanged virtual boson, one can construct two independent
kinematic invariants. One usually introduces Q2 = −q 2 and deﬁnes xBj = Q2 /(2p · q).
Thus, there is a freedom in the choice of scale used to deﬁne a fragmentation function.
For e+ e− , the c.m. energy provides a natural choice of scale as twice the energy
of each
 produced quark. For lepton-hadron interactions, fragmentation scales such as
invariant mass of the exchanged boson and target nucleon system
Q = −q 2 , or the 

W = (p + q)2 = m2h + 2p · q − Q2 (where mh is the incoming hadron mass) are
typically used. Both W and Q can vary by several orders of magnitudes for a given
c.m. energy thus allowing the study of fragmentation in diﬀerent environments by a
single experiment, e.g. in photoproduction the exchanged photon is quasi-real (Q2 ∼ 0)
leading to processes akin to hadron-hadron scattering. In deep inelastic scattering
(DIS)(Q2  1 GeV2 ), using the Quark Parton Model (QPM), the hadronic fragments of
the struck quark can be directly compared with quark fragmentation in e+ e− . Results
from lepton-hadron experiments quoted in this report primarily concern fragmentation
in the DIS regime. Studies made by lepton-hadron experiments of fragmentation with
photoproduction data containing high transverse momentum jets or particles are also
reported, when these are directly comparable to DIS and e+ e− results.
After the lepton-hadron interaction, the transverse momentum of the scattered lepton
is balanced by the hadronic system. To remove the transverse momentum imbalance
many fragmentation studies have been performed in frames in which the target hadron
and the exchanged boson are collinear. Two frames of reference are typically used which
fulﬁll this condition.
The so-called hadronic c.m. frame (HCMS) is deﬁned as the rest system of the
exchanged boson and incoming hadron, with the z ∗ -axis deﬁned along the direction of the
exchanged boson. The +z ∗ direction deﬁnes the so-called current region. Fragmentation
measurements performed in the HCMS often use the Feynman-x variable xF = 2p∗z /W ,
where p∗z is the longitudinal momentum of the particle in the HCMS. Since W is the
invariant mass of the hadronic ﬁnal state, xF ranges between −1 and 1.
The Breit system [3] is connected to the HCMS by a longitudinal boost such that
the time component of q becomes 0, so that q = (0, 0, 0, −Q). In this frame the target
has three momentum p = (0, 0, Q/(2xBj)), as can be easily veriﬁed using the deﬁnition
of xBj . In the quark parton model, the struck parton has momentum xBj · p, and
thus its longitudinal momentum is Q/2, which becomes −Q/2 after the collision. As
1 For a comprehensive review of the measurements and models of fragmentation in
lepton-hadron scattering see [2].
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compared with the HCMS, the current region of the Breit frame is more closely matched
to the partonic scattering process, and is thus appropriate for direct comparisons
of fragmentation functions in DIS with those from e+ e− annihilation. The variable
xp = 2p∗ /Q is used at HERA for measurements of fragmentation functions in the Breit
frame, ensuring directly comparable DIS and e+ e− results.

17.2. Scaling violation
The evolution of the parton fragmentation function Di (x, t) with increasing scale t = s,
like that of the parton distribution function fi (x, t) with t = s (see Sec. 39 of this Review),
is governed by the DGLAP equation [4]

∂
t Di (x, t) =
∂t
j



1

x

dz αS
Pji (z, αS )Dj (x/z, t) .
z 2π

(17.4)

In analogy to DIS, in some cases an evolution equation for the fragmentation function F
itself (Eq. (17.3)) can be derived from Eq. (17.4) [5]. Notice that the splitting function
is now Pji rather than Pij since here Dj represents the fragmentation of the ﬁnal parton.
The splitting functions again have perturbative expansions of the form
(0)

Pji (z, αS ) = Pji (z) +

αS (1)
P (z) + · · ·
2π ji

(17.5)

(0)

where the lowest-order functions Pji (z) are the same as those in deep inelastic scattering
but the higher-order terms [6,7] 2 are diﬀerent. The eﬀect of evolution is, however, the
same in both cases: as the scale increases, one observes a scaling violation in which the x
distribution is shifted towards lower values. This can be seen from Fig. 17.1.
The coeﬃcient functions Ci in Eq. (17.3) and the splitting functions Pji contain
singularities at z = 0 and 1, which have important eﬀects on fragmentation at small and
large values of x, respectively. For details see e.g. Ref. [1].
Quantitative results of studies of scaling violation in e+ e− fragmentation are reported
in [26–30] The values of αS obtained are consistent with the world average (see review
on QCD in Sec. 9 of this Review).
Scaling violations in DIS are shown in Fig. 17.2 for both HCMS and Breit frame. In
Fig. 17.2(a) the distribution in terms of xF = 2pz /W shows for values of xF > 0.15 a
steeper slope in ep data than for the µp data, indicating the scaling violations. At smaller
values of xF in the current jet region, the multiplicity of particles substantially increases
with W owing to the increased phase space available for the fragmentation process.
The EMC data access both the current region and the region of the fragmenting target
remnant system. At higher values of |xF |, owing to the extended nature of the remnant,
the multiplicity in the target region far exceeds that in the current region. Owing to
2 There are misprints in the formulae in the published article [6]. The correct expressions can be found in the preprint version or in Ref. [8].
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Figure 17.1:
The e+ e− fragmentation function
for all charged particles is
√
shown [9–25]√ (a) for diﬀerent c.m. energies, s, versus x and (b) for various ranges
were scaled by
of√x versus s. For the purpose of plotting
√ (a), the distributions √
c( s) = 10i where i is ranging from i = 0 ( s = 12 GeV) to i = 13 ( s = 202 GeV).
acceptance reasons, the remnant hemisphere of the HCMS is only accessible by the lower
energy ﬁxed target experiments
Using hadrons from the current hemisphere in the Breit frame, measurements of
fragmentation functions and the production properties of particles in ep scattering have
been made by [35–39]. Fig. 17.2(b) compares results from ep scattering and e+ e−
experiments, the latter results are halved as they cover both event hemispheres. The
agreement between the DIS and e+ e− results is fairly good. However, processes in DIS
which are not present in e+ e− annihilation, such as boson-gluon fusion and initial state
QCD radiation, can depopulate the current region. These eﬀects become most
√ prominent
+
−
at low values of Q and xp . When compared with e e annihilation data at s = 5.2, 6.5
GeV [40], which are not shown here, the DIS particle rates tend to lie below those from
e+ e− annihilation. NLO QCD calculations [41], convoluted with fragmentation functions
derived from e+ e− data, have been tested against the HERA scaling violations data and
provide a good description of the data in the kinematic regions in which the calculations
are predictive [35,39,42].
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Figure 17.2:
(a) The distribution 1/N · dN/dxF for all charged particles in
DIS lepton-hadron experiments at diﬀerent values of W , and measured in the
HCMS [31–34]. (b) Scaling violations of the fragmentation function for all charged
+ −
particles in the current region of the Breit frame of DIS [35]
√ and +in− e e
interactions [17,24,27]. The data are shown as a function of s for e e results,
and as a function of Q for the DIS results, each within the same indicated intervals
of the scaled momentum xp . The data for the three lowest intervals of xp are
multiplied by factors 10, 5, and 3, respectively for clarity.

17.3. Fragmentation functions for small particle momenta
As in the case of the parton distribution functions, the most common strategy for
solving the evolution equations Eq. (17.4) is to take moments (Mellin transforms) with
respect to x:
 1
dx xj−1 D(x, s) .
(17.6)
D̃(j, s) =
0

The behaviour of D̃(j, s) away from j = 1 determines the form of small-x fragmentation
functions. Keeping the ﬁrst three terms in a Taylor expansion around j = 1 gives a
simple Gaussian function of j which transforms by inverse Mellin transformation into a
Gaussian in the variable ξ ≡ ln(1/x):


1
2
xD(x, s) ∝ exp − 2 (ξ − ξp ) ,
(17.7)
2σ
where the peak position is
1
ξp =
4bαS (s)

1  s 
ln
4
Λ2

(17.8)

with b = (33 − 2nf )/12π for nf quark ﬂavours and the width of the distribution of ξ is
(CA = 3)
1
 s  3
2
2π
1
4 .
∝ ln
σ=
(17.9)
24b CA α3S (s)
Λ2
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Again, one can compute next-to-leading corrections to these predictions. In the method
of [43], the corrections are included in an analytical form known as the ‘modiﬁed
leading logarithmic approximation’ (MLLA). Alternatively they can be used to compute
the higher moment corrections to the Gaussian form Eq. (17.7) [44]. Fig. 17.33 shows
the ξ distribution for charged particles produced in the current region of the Breit frame
in DIS interactions, and in e+ e− annihilation. As expected from Eq. (17.7), Eq. (17.8),
and Eq. (17.9), the distributions have a Gaussian shape, with the peak position and area
becoming progressively larger with c.m. energy (e+ e− ) and Q2 (DIS).
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Figure 17.3: Distribution of ξ = ln(1/xp ) at several c.m. energies (e+ e− )
[9,10,14,17–20,24,45–48] and intervals of Q2 (DIS) [37–39]. 3 At each energy
only one representative measurement is shown. For clarity some measurements
at intermediate c.m. energies (e+ e− ) or Q2 ranges (DIS) are not shown. The
DIS measurements marked with ∗ have been scaled by a factor of 2 for direct
comparability with the e+ e− results. Overlaid are ﬁts of a simple Gaussian function
for illustration.
The predicted energy dependence Eq. (17.8) of the peak in the ξ distribution is a
striking illustration of soft gluon coherence, which is the origin of the suppression of
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hadron production at small x. Of course, a decrease at very small x is expected on
purely kinematical grounds,√but this would occur at particle energies proportional to
their masses, i.e. at x ∝ m/ s and hence ξ ∼ 12 ln s. Thus if the suppression were purely
kinematic the peak position ξp would vary twice as rapidly with energy, which is ruled
out by the data (see Fig. 17.4). The e+ e− and DIS data agree well with each other,
demonstrating the universality of hadronization. The MLLA prediction describes the
data. Measurements of the higher moments of the ξ distribution in e+ e− [24,48–50] and
DIS [39] have also been made and show consistency with each other.
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Figure 17.4:
√ Evolution of the peak position, ξp , of the ξ distribution with the
c.m. energy s. The MLLA QCD prediction (solid) using αS (s = MZ2 ) = 0.118 and
the expectation without gluon coherence (dashed) are superimposed to the data
[9,11,14,16–18,20,24,37,38,46,47,49,51–58].
17.3.1. Longitudinal Fragmentation :
In the process e+ e− → V → hX, the joint distribution in the energy fraction x and the
angle θ between the observed hadron h and the incoming electron beam has the general
form
3
d2 σ
3
3
= (1 + cos2 θ) FT (x) + sin2 θ FL (x) + cos θ FA (x) ,
σtot dx d cos θ
8
4
4
1

(17.10)

where FT , FL and FA are respectively the transverse, longitudinal and asymmetric
√
fragmentation functions. All these functions also depend on the c.m. energy s.
3

Dominant systematic errors used for the results of [39] are according to this reference
10% for xp < 0.3 and increase up to 30% for large xp .
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Figure 17.5:
Transverse (FT ), longitudinal (FL ), and asymmetric (FA )
fragmentation functions are shown [12,26,59]. Data points with relative errors
greater than 100% are omitted.
Eq. (17.10) is the most general form of the inclusive single particle production from the
decay of a massive vector boson [5]. As their names imply, FT and FL represent the
contributions from virtual bosons polarized transversely or longitudinally with respect
to the direction of motion of the hadron h. FA is a parity-violating contribution which
comes from the interference between vector and axial vector contributions. Integrating
over all angles, we obtain the total fragmentation function, F = FT + FL . Each of these
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functions can be represented as a convolution of the parton fragmentation functions Di
T,L,A
with appropriate coeﬃcient functions
Ci
as in Eq. (17.3). This representation works
√
in the high energy limit. As x · s/2 approaches hadronic scales mρ , power suppressed
eﬀects can no longer be neglected, and the fragmentation function formalism no longer
accounts correctly
for the separation of FT , FL , and FA . In Fig. 17.5, FT , FL , and FA
√
measured at s = 91 GeV are shown.

17.4. Gluon fragmentation
The gluon fragmentation function Dg (x) can be extracted from the longitudinal
fragmentation function deﬁned in Eq. (17.10). Since the coeﬃcient functions CiL for
quarks and gluons are comparable in O(αS ), FL can be expressed in terms of FT and
Dg which allows one to obtain Dg from the measured FL and FT , see e.g. [1] for details.
At NLO, i.e. O(α2S ) coeﬃcient functions Ci , quark fragmentation is dominant in FL
over a large part of the kinematic range, see e.g. [60]. This leaves some sensitivity of
FL to Dg but further constraints will be needed, for instance from hadro-production in
deep-inelastic scattering.
Dg can also be deduced from the fragmentation of three-jet events in which the gluon
jet is identiﬁed, for example by tagging the other two jets with heavy quark decays. To
leading order the measured distributions of x = Ehad /Ejet for particles in gluon jets can
be identiﬁed directly with the gluon fragmentation functions Dg (x). The experimentally
measured gluon fragmentation functions are shown in Fig. 17.6.

17.5. Spin-dependent fragmentation
Measurements of hadron production in polarized lepton-hadron scattering are used
principally in the determination of polarized parton densities from DIS interactions with
longitudinally polarized targets [62–64]. Since ﬂavour-dependent fragmentation functions
derived from the e+ e− → hX can give signiﬁcantly diﬀerent ﬂavour contributions [65–69]
experiments use string fragmentation in JETSET [70], which is tuned to describe their
own identiﬁed particle data, and those measured by other low energy DIS experiments.
Polarized scattering presents the possibility to measure the spin transfer from
the struck quark to the ﬁnal hadron, and thus develop spin-dependent fragmentation
functions [71,72]. These are useful in the study of the quark transversity distribution [73],
which describes the probability of ﬁnding a transversely polarized quark with its spin
aligned or anti-aligned with the spin of a transversely polarized nucleon. The transversity
function is chiral-odd and therefore not accessible through measurements of inclusive
lepton-hadron scattering. Semi-inclusive DIS in which another chiral-odd observable may
be involved provides a valuable tool to probe transversity. The Collins fragmentation
function [74] relates the transverse polarization of the quark to that of the ﬁnal hadron.
It is chiral-odd and naive T-odd, leading to a characteristic single spin asymmetry in the
azimuthal angular distribution of the produced hadron in the hadron scattering plane. A
number of experiments have measured this asymmetry [75,76]. However, these studies
were unable to distinguish between processes due to transversity in conjunction with
the Collins fragmentation with other processes requiring non-polarized fragmentation
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Figure 17.6: Comparison of the charged-particle
and the ﬂavour-dependent e+ e−
√
fragmentation functions obtained at s = 91 GeV. The data [10,12,14,15,19,21]
[22,28,59,61] are shown for the inclusive, light (up, down, strange) quarks, charm
quark, bottom quark, and the gluon versus x. For the purpose of plotting, the
distributions were scaled by c(ﬂavour) = 10i where i is ranging from i = 0 (Gluon)
to i = 4 (all ﬂavours).
functions, such as the Sivers mechanism [77]. However, the HERMES and COMPASS
collaborations have now made ﬁrst measurements of the Collins and Sivers asymmetries
using a transversely polarized target [76,78].

17.6. Fragmentation models
Although the scaling violation can be calculated perturbatively, the actual form of the
parton fragmentation functions is non-perturbative. Perturbative evolution gives rise to
a shower of quarks and gluons (partons). Phenomenological schemes are then used to
model the carry-over of parton momenta and ﬂavour to the hadrons. Two of the very
popular models are the string fragmentation [79,80], implemented in the JETSET [70]
and UCLA [81] Monte Carlo event generation programs, and the cluster fragmentation of
the HERWIG Monte Carlo event generator [82].
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17.6.1. String fragmentation : The string-fragmentation scheme considers the colour
ﬁeld between the partons, i.e., quarks and gluons, to be the fragmenting entity rather
than the partons themselves. The string can be viewed as a colour ﬂux tube formed by
gluon self-interaction as two coloured partons move apart. Energetic gluon emission is
regarded as energy-momentum carrying “kinks” on the string. When the energy stored
in the string is suﬃcient, a qq pair may be created from the vacuum. Thus the string
breaks up repeatedly into colour singlet systems as long as the invariant mass of the
string pieces exceeds the on-shell mass of a hadron. The qq pairs are created according to
the probability of a tunnelling process exp(−πm2q,⊥ /κ) which depends on the transverse
mass squared m2q,⊥ ≡ m2q + p2q,⊥ and the string tension κ ≈ 1 GeV/fm. The transverse
momentum pq,⊥ is locally compensated between quark and antiquark. Due to the
dependence on the parton mass mq and/or hadron mass, mh , the production of strange
and, in particular, heavy-quark hadrons is suppressed. The light-cone momentum fraction
z = (E + p )h /(E + p)q , where p is the momentum of the formed hadron h along the
direction of the quark q, is given by the string-fragmentation function
2

bmh,⊥
1
f (z) ∼ (1 − z)a exp −
z
z

(17.11)

where a and b are free parameters. These parameters need to be adjusted to bring the
fragmentation into accordance with measured data, e.g., a = 0.11 and b = 0.52 GeV−2 as
determined in Ref. [83] (for an overview on tuned parameters see Ref. [84]) .
17.6.2. Cluster fragmentation : Assuming a local compensation of colour based on
the pre-confinement property of perturbative QCD [85], the remaining gluons at the end
of the parton shower evolution are split non-perturbatively into quark-antiquark pairs.
Colour singlet clusters of typical mass of a couple of GeV are then formed from quark and
antiquark of colour-connected splittings. These clusters decay directly into two hadrons
unless they are either too heavy (relative to an adjustable parameter CLMAX, default value
3.35 GeV), when they decay into two clusters, or too light, in which case a cluster decays
into a single hadron, requiring a small rearrangement of energy and momentum with
neighbouring clusters. The decay of a cluster into two hadrons is assumed to be isotropic
in the rest frame of the cluster except if a perturbative-formed quark is involved. A decay
channel is chosen based on the phase-space probability, the density of states, and the spin
degeneracy of the hadrons. Cluster fragmentation has a compact description with few
parameters, due to the phase-space dominance in the hadron formation.
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17.7. Fragmentation into identiﬁed particles
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Figure 17.7:
Scaled momentum spectra of (a) π ± , (b) K ± , and (c) p/p at
√
s = 10, 29, and 91 GeV are shown [22,25,55,86].
A great wealth of measurements of e+ e− fragmentation into identiﬁed particles exists.
A collection of references to ﬁnd data on the fragmentation into identiﬁed particles is
given for Table 40.1. As representatives of all the data, Fig. 17.7 shows fragmentation
functions as the scaled momentum spectra of charged particles at several c.m. energies.
Heavy ﬂavour particles are dealt with separately in Sect. 17.8.
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The measured fragmentation functions are solutions to the DGLAP equation (17.4)
but need to be parametrized at some initial scale t0 (usually 2 GeV2 for light quarks and
gluons). A general parametrization is [87]

γ
Dp→h (x, t0 ) = N xα (1 − x)β 1 +
x

(17.12)

where the normalization N , and the parameters α, β, and γ in general depend on the
energy scale t0 and also on the type of the parton, p, and the hadron, h. Frequently the
term involving γ is left out [65–68]. The parameters of Eq. (17.12), listed in [65–68],
were obtained by ﬁtting data on various hadron
types for diﬀerent combinations of
√
partons and hadrons in p → h in the range s ≈ 5 - 200 GeV.
Many studies have been made of identiﬁed particles produced in lepton-hadron
scattering, although fewer particle species have been measured than in e+ e− collisions.
References [88–93] and [94–97] are representative of the data from ﬁxed target and ep
collider experiments.
Fig. 17.8(a) compares lower energy ﬁxed target and HERA data on strangeness
production showing that the HERA spectra have substantially increased multiplicities,
albeit with insuﬃcient statistical precision to study scaling violations. The ﬁxed target
data show that the Λ rate substantially exceeds the Λ rate in the remnant region, owing
to the conserved baryon number from the baryon target. Fig. 17.8(b) shows neutral and
charged pion fragmentation functions 1/N · dn/dz, where z is deﬁned as the ratio of the
pion energy to that of the exchanged boson, both measured in the laboratory frame.
Results are shown from HERMES and the EMC experiments, where HERMES data have
been evolved with NLO QCD to Q2  = 25 GeV2 in order to be consistent with the
EMC. Each of the experiments uses various kinematic cuts to ensure that the measured
particles lie in the region which is expected to be associated with the struck quark. In
the DIS kinematic regime accessed at these experiments, and over the range in z shown
in Fig. 17.8, the z and xF variables have similar values [31]. The precision data on
identiﬁed particles can be used in the study of the quark ﬂavour content of the proton.
Data on identiﬁed particle production are also useful in studying the universality of
jet fragmentation in e+ e− and DIS. The strangeness suppression factor γs , as derived
principally from tuning the Lund string model [80] within JETSET [70] is typically
found to be around 0.3 in e+ e− experiments [45], although values closer to 0.2 [98]
have also been obtained. The converse is true for DIS experiments, with the tendency
from HERA [94,96] and recent ﬁxed target measurements [88] of light strange particle
production, to support a stronger suppression (γs ≈ 0.2), although values close to 0.3
have also been obtained [99].
However, when comparing the description of QCD-based models for lepton-hadron
interactions and e+ e− collisions, it is important to note that the overall description
by event generators of inclusively produced hadronic ﬁnal states is more precise in
e+ e− collisions than lepton-hadron interactions [100]. Predictions of particle rates in
lepton-hadron scattering are aﬀected by uncertainties in the modelling of the parton
composition of the proton and photon, the extended target remnant, and initial and ﬁnal
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Figure 17.8:
(a) 1/N ·dn/dxF for identiﬁed strange particles in DIS at various
values of W [88,91,94]. (b) 1/N ·dn/dz for measurements of pions from ﬁxed target
DIS experiment [89] [92,93].

July 14, 2006

10:37

17. Fragmentation functions in e+ e− annihilation and DIS 15
state QCD radiation. Furthermore, the tuning of event generators for e+ e− collisions is
typically based on a larger set of parameters and use more observables [45] than are used
when optimising models for lepton-hadron data [101].

17.8. Heavy quark fragmentation
It was recognized very early [102] that a heavy ﬂavoured meson should retain a large
fraction of the momentum of the primordial heavy quark, and therefore its fragmentation
function should be much harder than that of a light hadron. In the limit of a very heavy
quark, one expects the fragmentation function for a heavy quark to go into any heavy
hadron to be peaked near 1.
When the heavy quark is produced at a momentum much larger than its mass,
one expects important perturbative eﬀects, enhanced by powers of the logarithm of
the transverse momentum over the heavy quark mass, to intervene and modify the
shape of the fragmentation function. In leading logarithmic order (i.e., including all
powers of αS log mQ /pT ) the total (i.e., summed over all hadron types) perturbative
fragmentation function is simply obtained by solving the leading evolution equation for
fragmentation functions, Eq. (17.4), with the initial condition at a scale µ2 = m2Q given
by DQ (z, m2Q ) = δ(1 − z) and Di (z, m2Q ) = 0 for i = Q (the notation Di (z) stands for the
probability to produce a heavy quark Q from parton i with a fraction z of the parton
momentum).
Several extensions of the leading logarithmic result have appeared in the literature.
Next-to-leading-log (NLL) order results for the perturbative heavy quark fragmentation
function have been obtained in Ref. [103]. At large z, phase space for gluon radiation is
suppressed. This exposes large perturbative corrections due to the incomplete cancellation
of real gluon radiation and virtual gluon exchange (Sudakov eﬀects), which should be
resummed in order to get accurate results. A leading-log (LL) resummation formula has
been obtained in [103,104]. Next-to-leading-log resummation has been performed in
Ref. [105]. Fixed-order calculations of the fragmentation function at order α2S in e+ e−
annihilation have appeared in Ref. [106]. This result does not include terms of order
(αS log s/m2 )k and αS (αS log s/m2 )k , but it does include correctly all terms up to the
order α2S , including terms without any logarithmic enhancements. The result of Ref. [103]
for the perturbative initial condition of the heavy quark fragmentation function has been
extended to NNLO (next-to-next-to-leading order) in Ref. [107]. Other ingredients (i.e.,
NNLO single inclusive production cross sections for light quarks, and NNLO evolution
for fragmentation function) are however still missing for a full NNLO analysis of heavy
ﬂavour fragmentation functions.
Inclusion of non-perturbative eﬀects in the calculation of the heavy quark fragmentation
function is done in practice by convolving the perturbative result with a phenomenological
non-perturbative form. Among the most popular parametrizations we have the following:
Petersonet al. [108] :
Kartvelishviliet al. [109] :


−2
1
1
,
1− −
Dnp (z) ∝
z
z
1−z
Dnp (z) ∝z α (1 − z) ,
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(2 − z) C
1−z
+
×
Dnp (z) ∝
z
1−z
−2

1
C
2
(1 + z ) 1 − −
z
1−z


Collins&Spiller [110] :

Colangelo&Nason [111] :
Bowler [112] :

Dnp (z) ∝(1 − z)α z β
Dnp (z) ∝z

(17.16)

−(1+bm2h,⊥ )
a

(1 − z) exp −
Braatenet al. [113] :

(17.15)

bm2h,⊥
z

(see Eq. (31), (32) in [113])

(17.17)
(17.18)

where , C , a, bm2h,⊥ , α, and β are non-perturbative parameters, depending upon
the heavy hadron considered. In general, the non-perturbative parameters entering the
non-perturbative forms do not have an absolute meaning. They are ﬁtted together with
some model of hard radiation, which can be either a shower Monte Carlo, a leading-log
or NLL calculation (which may or may not include Sudakov resummation), or a ﬁxed
order calculation. In [106], for example, the Peterson [108] parameter for charm
and bottom production is ﬁtted from the measured distributions of refs. [114,115] for
charm, and of [116] for bottom. If the leading-logarithmic approximation (LLA) is
used for the perturbative part, one ﬁnds c ≈ 0.05 and b ≈ 0.006; if a second order
calculation is used one ﬁnds c ≈ 0.035 and b ≈ 0.0033; if a NLLO calculation is
used instead one ﬁnds c ≈ 0.022 and b ≈ 0.0023. The larger values found in the LL
approximation are consistent with what is obtained in the context of parton shower
models [117], as expected. The parameter for charm and bottom scales roughly with
the inverse square of the heavy ﬂavour mass. This behaviour can be justiﬁed by several
arguments [102,118,119]. It can be used to relate the non-perturbative parts of the
fragmentation functions of charm and bottom quarks [106,111,120].
17.8.1. Charm quark fragmentation : High statistics data for charmed mesons
production near the Υ resonance (excluding decay products of B mesons) have been
published [121,122]. They include results for D and D∗ , Ds (see also [123,124]) and Λc .
Shown in Fig. 17.9(a) are the CLEO and BELLE inclusive cross-sections times branching
ratio B, s · Bdσ/dxp , for the production of D0 and D∗+ . The variable xp approximates
the light-cone momentum fraction z in Eq. (17.13), but is not identical to it. The two
measurements are fairly consistent with each other.
The branching ratio B represents D0 → K − π + for the D0 results and for the
D∗+ the product branching fraction: D∗+ → D0 π + , D0 → K − π + . Older studies
are reported in refs. [115,126]. Charmed meson spectra on the Z peak have been
published by OPAL and ALEPH [83,127]. The relative production fractions of the
various hadron species should be process independent at high energies according to
QCD factorization. Combining results near the Υ (4S) from refs. [121,122,124,126,128],
neglecting the gluon splitting contribution, which is negligible at these energies, we obtain
f (c → D0 ) = 0.565 ± 0.032, f (c → D+ ) = 0.246 ± 0.020, f (c → Ds+ ) = 0.080 ± 0.017,
July 14, 2006

10:37

17. Fragmentation functions in e+ e− annihilation and DIS 17

16

sB dσ/dxp (GeV2 nb)

14
D

12

0

D

(a)

*

CLEO
BELLE

10
8
6
4
2
0

0

3.5

1

(b)

3

ALEPH 91 GeV
OPAL 91 GeV
SLD 91 GeV

2.5
1/σ dσ/dxB

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
xp=p/pmax

2

1.5
1
0.5
0

0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
xB

1

Figure 17.9:
(a) Eﬃciency-corrected inclusive cross-section
measurements for
√
0
∗+
+
−
the production of D and D in e e measurements at s ≈ 10.6 GeV, excluding
B decay products [121,122].
(b) Measured e+ e− fragmentation function of b
√
quarks into B hadrons at s ≈ 91 GeV [125].
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∗0
∗+
f (c → Λ+
c ) = 0.094 ± 0.035, f (c → D ) = 0.213 ± 0.024, f (c → D ) = 0.224 ± 0.028,
∗+
and f (c → Ds ) = 0.061 ± 0.018 in good agreement with those reported by LEP and
SLD (see App. B of Ref. [129]) . Here, f is the fraction of produced charm quarks
that hadronize into the respective hadron, eventually including decays of short-lived
resonances.

As is well known, the large (isospin violating) diﬀerence in D+ and D0 production
is well understood as a consequence of the fact that D∗ mesons have a mass that is
accidentally very near the sum of the D and the pion mass. The small isospin violating
mass diﬀerences between states of diﬀerent charge are such that both the D∗+ and the
D∗0 can decay into the D0 with large branching fractions, while only the D∗+ can decay
to a D+ , with a relatively small branching. If we can assume that similar accidents do
not happen with higher resonances, we can conclude that D∗+ and D∗− are produced
with the same rate, and that D0 and D+ not coming from D∗ decays are also produced
with the same rate. The data are at present consistent with this view within errors,
although it would seem to favour a f (c → D∗+ ) larger than f (c → D∗0 ). BELLE [122]
publishes a ratio (D∗+ + D∗0 )/(D+ + D0 ) = 0.527 ± 0.013 ± 0.024, so that the ratio of
primary to total D is 0.473 ± 0.013 ± 0.024.
Given the high precision of CLEO’s and BELLE’s data, it is diﬃcult to obtain
good ﬁts of the inclusive cross-sections with the simple parametrizations generally
used [108–112], see Ref. [122]. It is however still possible to obtain good ﬁts to the data
using relatively simple forms. In the context of a QCD calculation of the fragmentation
function, including NLO initial condition, evolution and coeﬃcient functions, and NLL
resummation of Sudakov eﬀects in the initial condition and in the coeﬃcient functions,
it was shown in Ref. [130] that a superposition of the form proposed in Ref. [111] and
a delta function for the description of D∗ ’s and primary D mesons yields very good ﬁts
to CLEO and BELLE data. In the same work it is shown, however, that one cannot ﬁt
simultaneously CLEO/BELLE and ALEPH data in a pure perturbative QCD framework.
This fact could be interpreted in terms of power corrections to the coeﬃcient functions,
with a suppression 1/Q2 (compatible with the result of Ref. [131]) or 1/Q (similar to
the form proposed in Ref. [5]) .
Charm quark production has also been extensively studied at HERA by the H1
and ZEUS collaborations. Measurements have been made of D∗± , D± and Ds±
mesons [132–135] and the Λc baryon [135]. Various fragmentation quantities have been
extracted, some of which are shown in Table 17.1 as measured by H1 and ZEUS, along
with averages of these quantites as obtained from e+ e− data.
17.8.2. Bottom quark fragmentation : Experimental studies of the fragmentation
function for b quarks, shown in Fig. 17.9(b), have been performed at LEP and
SLD [116,125,137]. Commonly used methods identify the B meson through its
semileptonic decay or based upon tracks emerging from the B secondary vertex. The
most recent studies [125] ﬁt the B spectrum using a Monte Carlo shower model
supplemented with non-perturbative fragmentation functions yielding consistent results.
The experiments measure primarily the spectrum of B mesons. This deﬁnes a
fragmentation function which includes the eﬀect of the decay of higher mass excitations,
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Table 17.1: Measurements of fragmentation ratios from ep [134,135] and e+ e−
experiments [136]. Ru/d is ratio of neutral to charged D-mesons, γs is the
strangeness suppression factor in charm fragmentation, and Pvd is the fraction of
charged D-mesons produced in a vector state.
Ru/d
H1
1.26 ± 0.20 (stat.)±0.11 (syst.)±0.04 (br. ⊕ theo.)
+0.047
ZEUS
1.100 ± 0.078 (stat.)+0.038
−0.061 (syst.) −0.049 (br.)
e+ e− av. 1.020 ± 0.069 (stat. ⊕ sys.) +0.045
−0.047 (br.)
γs
H1
0.36 ± 0.10 (stat.) ±0.01 (syst.) ±0.08 (br. ⊕ theo.)
+0.078
ZEUS
0.257 ± 0.024 (stat.) +0.013
−0.016 (syst.) −0.049 (br.)
e+ e− av. 0.259 ± 0.023 (stat. ⊕ syst.) +0.087
−0.052 (br.)
Pvd
H1
0.693 ± 0.045 (stat.)±0.004 (syst.) ±0.009 (br.⊕ theo.)
+0.022
ZEUS
0.566 ± 0.025 (stat.) +0.007
−0.022 (syst.)−0.023 (br.)
e+ e− av. 0.614 ± 0.019 (stat.⊕syst.)+0.023
−0.025 (br.)
like the B ∗ and B ∗∗ . In the literature there is sometimes ambiguity in what is deﬁned to
be the bottom fragmentation function. Instead of using what is directly measured (i.e.,
the B meson spectrum) corrections are applied to account for B ∗ or B ∗∗ production in
some cases. For a more detailed discussion see [1].
Heavy ﬂavour production in e+ e− collisions is the primary source of information
for the role of fragmentation eﬀects in heavy ﬂavour production in hadron-hadron and
lepton-hadron collisions. The QCD calculations tend to underestimate the data in certain
regions of phase space. Recently, it was also pointed out [138] that the long-standing
discrepancy between theoretical calculations and the measured B meson spectrum at the
hadron colliders [139] was substantially reduced if a correct use of available information
on heavy ﬂavour production from e+ e− data was made.
Both bottomed and charmed mesons spectra have been measured recently at
the TEVATRON with unprecedented accuracy [140]. The measured spectra are in
good agreement with QCD calculations (including non-perturbative fragmentation
eﬀects inferred from e+ e− data [141]) , no longer supporting the previously reported
discrepancies [139].
The HERA collaborations have produced a number of measurements of beauty
production [133,142]. Compared with LEP data there is at present insuﬃcient statistical
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precision to make detailed measurements of the fragmentation properties of b-quarks in
lepton-hadron scattering. The data which do exist have been tested against QCD-based
models implementing Peterson et al. [108] fragmentation.
17.8.3. Gluon splitting into heavy quarks : Besides degrading the fragmentation
function by gluon radiation, QCD evolution can also generate soft heavy quarks,
increasing in the small x region as s increases. Several theoretical studies are available
on the issue of how often bb̄ or cc̄ pairs are produced indirectly, via a gluon splitting
mechanism [143–145]. Experimental results from studies on charm production via gluon
splitting and measurements of g → bb̄ are given in Table 17.2.
Table 17.2: Measured fraction of events containing g → cc and g → bb subprocesses in Z decays, compared with theoretical predictions. The central/lower/upper
values for the theoretical predictions are obtained with mc = (1.5 ± 0.3) and
mb = (4.75 ± 0.25) GeV.
ng→cc (%)
ALEPH
DELPHI
L3
OPAL
SLD

ng→bb (%)

[127] 3.26 ± 0.23 ± 0.42 [146] 0.2777 ± 0.042 ± 0.057
[147] 0.21 ± 0.11 ± 0.09
[148] 2.45 ± 0.29 ± 0.53
[149] 3.20 ± 0.21 ± 0.38
[150] 0.307 ± 0.071 ± 0.066

Theory [144]
(5)
MS
(5)
Λ
MS

Λ

= 150 MeV 1.35+0.48
−0.30

0.20 ± 0.02

1.85+0.69
−0.44

0.26 ± 0.03

= 300 MeV

In Ref. [144] an explicit calculation of these quantities has been performed. Using
these results, charm and bottom multiplicities as reported in Table 17.2 for diﬀerent
(5)
were computed in Ref. [151]. The averaged experimental
values of the masses and of Λ
MS
result for charm, taking correlations into account, (2.96 ± 0.38)% [152] is 1–2 standard
deviations above the theoretical prediction, preferring lower values of the quark mass
(5)
and/or a larger value of Λ . However, higher-order corrections may well be substantial
MS
at the charm quark mass scale. Better agreement is achieved for bottom.
As reported in Ref. [144], Monte Carlo models are in qualitative agreement with
these results, although the spread of the values they obtain is somewhat larger than
the theoretical error estimated by the direct calculation. In particular, for charm one
ﬁnds that while HERWIG [82] and JETSET [70] agree quite well with the theoretical
calculation, ARIADNE [153] is higher by roughly a factor of 2, and thus is in better
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agreement with data. For bottom, agreement between theory, models and data is
adequate. For a detailed discussion see Ref. [154].
The discrepancy with the charm prediction may be due to experimental cuts forcing
the ﬁnal state conﬁguration to be more 3-jet like, which increases the charm multiplicity.
Calculations that take this possibility into account are given in Ref. [145].
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