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56.1 Introduction and summary
The Dirac equation predicts a muon magnetic moment, µ = gµ

q
2mµS, with gyromagnetic ratio

gµ = 2, charge q, and mass mµ. Quantum loop effects lead to a small calculable deviation from
gµ = 2, parameterized by the anomalous magnetic moment of the muon aµ ≡ (gµ − 2)/2. This
observable can be measured in storage-ring experiments and predicted within the Standard Model
(SM) to high precision, testing the SM at its quantum loop level. In short, the current world
average of the experimental determination after the final results of the FNAL E989 experiment
reads [1–8]

aexp
µ = 116 592 071.5(14.5)× 10−11 , (56.1)

to be compared with the SM prediction as compiled by the Muon g − 2 Theory Initiative [9–69]

aSM
µ = 116 592 033(62)× 10−11 . (56.2)

Accordingly, the difference
∆aµ ≡ aexp

µ − aSM
µ = 38(63)× 10−11 (56.3)

is compatible with zero, but the uncertainty is completely dominated by the SM prediction, allowing
for a SM test at three-fold improved precision once the experimental uncertainty can be matched.
In Sec. 56.2 we briefly review the status of experiment, Eq. (56.1), in Sec. 56.3 the status of the
SM prediction, Eq. (56.2), and conclude with some remarks on future improvements in Sec. 56.4.

56.2 Precision measurement of aµ
The two most precise muon g − 2 experiments—BNL E821 and FNAL E989—were developed

based on the experiences of earlier storage ring experiments at CERN [70,71]. The most significant
improvements are related to the intensity and purity of muon delivery to the ring, which has
led to the world average precision of 124 ppb in the determination of aµ. Figure 56.1 displays the
consistency of the individual BNL and FNAL run-period publications,1 the final precision achieved,
and the average. With the exception of BNL-01, all measurements used positive muons. Details
of the combination procedure, including updated corrections since the original publication, can be
found in Ref. [1].

In this compact description, we emphasize aspects of the common storage ring technique to
determine aµ to high precision, while also pointing out the relatively balanced final systematics
table from FNAL that would have to be overcome for further improvements.

Polarized muon bunches are injected into a 7.1m radius superconducting storage ring (SR) [76]
having a highly uniform vertical magnetic field, |B| ≈ 1.45T. A fast kicker magnet [77] deflects
the muons during the first turn into a fiducial toroidal volume that is concentric with the SR cen-
ter. Four regions containing electrostatic quadrupole (ESQ) plates provide weak vertical focusing.
Approximately 5000 muons are stored in each “fill” of the ring.

The muons circulate in the ring at the cyclotron angular frequency ωc = − q
mµγ

B, γ =

1/
√

1− β2 being the Lorentz factor, and their spins rotate at ωs = −gµ q
2mµB − (1 − γ) q

mµγ
B.

If gµ were exactly equal to 2, the cyclotron and spin frequencies would be the same. For gµ 6= 2,
1The quoted BNL R

′
µ and aµ values were computed by the FNAL Muon g − 2 collaboration [1], converting the

reported values for free protons in vacuum in the BNL references and using the converted R
′
µ values to re-compute

the aµ values relying on CODATA 2022 [75] for the external inputs.
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Figure 56.1: Experimental values of aµ from BNL E821 (blue triangles) [72–74],1 FNAL E989 (red
squares) [1,2,4], and the world average (black diamond). The uncertainties combine statistics and
systematics. BNL values are rounded to the nearest 10 ppb. All measurements employed positive
muons except BNL-01, which ran with negative muons (inverted triangle).
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and for the ideal case that β ·B = 0, the anomalous precession frequency ωa is simply given by

ωa = ωs − ωc = − q

mµ
aµB. (56.4)

In practice, the betatron oscillations of the muon beam and the presence of the quadrupole electric
field lead to a more complete expression [78]

ωa = − q

mµ

[
aµB− aµ

(
γ

γ + 1

)
(β ·B)β −

(
aµ −

1
γ2 − 1

)
β ×E

]
. (56.5)

The second term accounts for the vertical betatron oscillations owing to the average value of (β·B)2.
A measurement of the vertical amplitude distribution leads to a “pitch” correction. The third
term accounts for the motional magnetic field felt by the relativistic muons in the presence of
the ESQ electric field E. The CERN-III experiment [71] recognized that this term vanishes for
γ =

√
1 + 1/aµ ≈ 29.3, corresponding to a muon “magic momentum” of P0 ≈ 3.094GeV.2 The

CERN-III, BNL, and FNAL experiments each operated at this momentum. The momentum spread
with respect to P0 (∼ ∆P/P0 < 0.2%) requires an electric-field correction of order several hundred
ppb, by far the largest correction in the experiment.

The magnetic field B in Eq. (56.5) is measured using pulsed proton NMR techniques and is
expressed as ω̃′p(Tr), which is the proton spin precession frequency inside a room-temperature spher-
ical water sample and averaged over the stored muon distribution. Equation (56.5) demonstrates
that aµ ∝ ωa/ω̃

′
p(Tr) ≡ R

′
µ, which is the quantity reported by all g − 2 experiments. The muon

anomaly is then determined from

aµ = R′µ
µ′p(Tr)
µB

mµ

me
, (56.6)

2The E34 experiment at J-PARC [79] plans to inject lower momentummuons with negligible transverse momentum
components into a ring that does not include an electric quadrupole field. This will greatly reduce any needed electric
field or pitch correction.
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Table 56.1: R′µ values and uncertainties from BNL E821,1 with uncer-
tainties rounded to the nearest 10 ppb, and those from FNAL E989.

R′µ Total (ppb) Statistical (ppb) Systematics (ppb)
BNL E821 0.00370730154 540 ppb 460 280
FNAL E989 0.00370730088 125 ppb 98 78
Combined 0.00370730091 122 ppb 96 75

Table 56.2: Corrections and uncertainties from combined FNAL running
periods, and current uncertainties due to the external parameters. Here
ωma is the fit precession frequency. Corrections to ωma yield ωa, needed in
the numerator of R′µ. Numerical summary courtesy of Alberto Lusiani, on
behalf of the FNAL Muon g − 2 Collaboration.

Quantity Correction (ppb) Uncertainty (ppb)
ωma (statistical) – 98
Beam dynamic (BD) corrections to ωma to yield ωa +538 43
Net ωa (statistical + BD + fitting uncertainties ) – 111
ω′p (all systematics) – 48
Magnetic field transient corrections to ω′p −58 31
Net ω′p uncertainty – 57
Total uncertainties for R′µ – 125
µ′p/µB and mµ/me external parameters – 23
Total for aµ 127

where µ′p(Tr)/µB is the ratio of the shielded proton magnetic moment to the Bohr magneton and
mµ/me is the muon-to-electron mass ratio [75]. Reporting this ratio allows aµ to be recalculated if
the fundamental constants are updated; see Table 56.1.

The absolute magnetic field [6] is established using custom high-purity water [80] and He-3 [81]
probes measured in a special-purpose highly uniform MRI magnet. These probes cross-calibrate an
in-ring movable “plunging” probe system, which in turn cross-calibrates one-by-one the 17 probes
in an NMR trolley [82]. This device periodically maps the entire storage ring field in situ. The
temporal variation of the field is continuously monitored using an additional set of 378 probes [83]
placed above and below the fiducial volume.

Two arrays of in-vacuum straw Tracker detectors [84] located at two azimuthal positions in
the SR record the inward bending trajectories of e+ from muon decay. The fit tracks are then
traced back to the approximate upstream decay location within the storage ring vs. time-in-fill.
The measured stored muon distribution is folded with the azimuthally averaged field maps to give
the muon-weighted field. Details are found in Refs. [3, 6].

Parity violation in weak µ+ → e+νeν̄µ decay provides the polarimetry needed to deduce the
average muon spin direction vs. time-in-fill. The decay positron energy in the boosted labora-
tory frame is related to the energy and angular distribution in the center-of-mass (CM) as in
Ee,lab ≈ γEe,CM(1 + cos θCM), and thus the highest-energy positrons are preferentially emitted in
the direction of the muon spin. All decay positrons curl to the inside of the SR, where their time-
of-arrival and energy are measured in calorimeters [85], forming a measured spectrum N(t, Ee). In
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Figure 56.2: Sample diagrams for aµ in the SM: solid lines refer to the muon, wiggly lines to
photons, and the red blobs to hadronic matrix elements. The first diagram gives the leading QED
contribution by Schwinger, the second one represents a one-loop EW diagram with Z exchange,
and the last two diagrams correspond to HVP and HLbL topologies, respectively.

Z

first order, this spectrum can be described by N(t) = N0e
−t/(γτµ)[1 + A cos(ωat − φ)], where the

asymmetry A depends on the energy threshold and the average polarization of the muons. The
statistical precision of the experiment is optimized by fitting a histogram whose entries are weighted
by the energy-dependent asymmetry A(E); that is,

δωa
ωa

= 1
ωaγτµ

√
2

N〈A(E)2〉
, (56.7)

which emphasizes the importance of the higher-energy positrons.
The fit of N(t, Ee) results in the measured precession frequency ωma . To achieve a good χ2,

additional terms that account for the rate variations from the coupling of calorimeter acceptance to
beam motions are required. The largest of these are associated with coherent betatron oscillations
(CBO), which, if ignored, would pull ωma from the true precession frequency ωa by several hundred
ppb. An RF modulation system [86], tuned to the CBO frequency and applied to the ESQ plates,
creates a dipole field that significantly damps the intrinsic CBO effect. Details on the extraction
of ωma and the many independent checks and methods used can be found in Refs. [3, 5].

Table 56.2 lists the corrections and uncertainties reported for the entire FNAL E989 measure-
ment [1, 2, 4]. For simplicity, this table combines the individual effects that impact ωma or ω′p.
Corrections to the measured precession frequency, ωma , are dominated by the effect of the electric
field and pitch as expressed in Eq. (56.5). Several additional and much smaller corrections are
needed because the stored muon phase space slightly evolves during the fill. Transient-magnetic-
field corrections to ω′p correspond to a residual eddy current from the fast kicker and a vibration-
induced field perturbation from the charging of the ESQ plates. The systematic uncertainties are
relatively balanced. The final precision on R′µ, and thus also on aµ, is dominated by the statistical
uncertainty.

56.3 Standard Model prediction of aµ
The SM prediction of aµ decomposes into pure QED contributions, electroweak (EW) effects,

and hadronic corrections

aSM
µ = aQED

µ + aEW
µ + ahad

µ , ahad
µ = aHVP

µ + aHLbL
µ , (56.8)

where the latter are further separated into topologies featuring hadronic vacuum polarization (HVP)
and hadronic light-by-light scattering (HLbL), see Fig. 56.2 for representative diagrams in each
category. In the subsequent sections we briefly discuss the status for each class of corrections,
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Table 56.3: Summary of all contributions to the SM prediction and com-
parison to experiment, adapted from Ref. [9].

Contribution Value ×1011 References
Experiment (E989, E821) 116 592 071.5(14.5) Refs. [1–8]
HVP LO (lattice) 7132(61) Refs. [21–37]
HVP LO (e+e−, τ) Estimates not provided at this point
HVP NLO (e+e−) −99.6(1.3) Refs. [38, 39]
HVP NNLO (e+e−) 12.4(1) Ref. [40]
HLbL (phenomenology) 103.3(8.8) Refs. [19, 41–63]
HLbL NLO (phenomenology) 2.6(6) Ref. [64]
HLbL (lattice) 122.5(9.0) Refs. [65–69]
HLbL (phenomenology + lattice) 112.6(9.6) Refs. [19, 41–63,65–69]
QED 116 584 718.8(2) Refs. [10–16]
EW 154.4(4) Refs. [17–20]
HVP LO (lattice) + HVP N(N)LO (e+e−) 7045(61) Refs. [21–40]
HLbL (phenomenology + lattice + NLO) 115.5(9.9) Refs. [19, 41–69]
Total SM Value 116 592 033(62) Refs. [10–69]
Difference: ∆aµ ≡ aexp

µ − aSM
µ 38(63)

referring to Refs. [9, 87] for a thorough review, labeled as WP20 [87] and WP25 [9] below.3 The
resulting bottom line is summarized in Table 56.3.

56.3.1 QED and electroweak contributions
By far the dominant contribution to aSM

µ arises from QED, including all diagrams with purely
photonic and leptonic (` = e, µ, τ) loops. Starting from Schwinger’s seminal result [89], the expan-
sion can be expressed as

aQED
µ = α

2π + 0.765 857 420(8)e(11)τ [13]
(
α

π

)2
+ 24.050 509 77(17)e(16)τ [23]

(
α

π

)3

+ 130.8782(60)MC

(
α

π

)4
+ 750.2(9)MC

(
α

π

)5
+O

(
α6) , (56.9)

where the uncertainties derive from mµ/me = 206.7682827(46), mτ/mµ = 16.8170(11) [75], and
Monte-Carlo (MC) integration, respectively. Up to O(α3), analytical results are available, both
for the mass-independent terms [90–92] and mass-dependent corrections [93–95], so that the un-
certainties in the coefficients in Eq. (56.9) only depend on the input for the lepton mass ratios.
At O(α4), the mass-independent term is known essentially analytically [96], and the uncertainty
in the mass-dependent corrections is dominated by MC errors [10, 97]. Finally, at O(α5) both
mass-independent and mass-dependent contributions are evaluated numerically, and the size of the
mass-independent term recently decreased by ' 0.8 upon improved MC sampling [10–13], about
the same size as the MC uncertainty in the mass-dependent correction. Numerically, the largest
contributions to the coefficients arise from terms enhanced by powers of log mµ

me
(and factors of π2),

explaining their rapid increase. For the evaluation of aQED
µ , input for the fine-structure constant α

3These white papers (WP) were compiled by the Muon g − 2 Theory Initiative [88], reflecting a community
consensus of the status of the SM prediction in 2020 and 2025, respectively.
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is required, the current most precise determinations being [9]

α−1[Cs] = 137.035 999 045(27) , (56.10)
α−1[Rb] = 137.035 999 2052(97) , (56.11)
α−1[ae] = 137.035 999 163(15) , (56.12)

derived from atom-interferometry measurements in Cs [14], Rb [15], and the anomalous magnetic
moment of the electron ae [16], respectively. α−1[Cs] and α−1[Rb] disagree by 5.5σ, which translates
to an uncertainty of about 0.14×10−11 in aQED

µ . This is the same level at which O(α6) contributions
are expected to enter, estimated based on the maximally possible enhancement with log mµ

me
at six-

loop order [10]. The combination of these two effects leads to the final uncertainty quoted for aQED
µ

in Table 56.3.
Loop contributions that involve W , Z, or Higgs bosons are summarized in the EW contribution

aEW
µ . At one-loop order, the result can be expressed as [98–102]

aEW
µ [1-loop] = GF√

2
m2
µ

8π2

[5
3 + 1

3(1− 4s2
W)2 +O

(
m2
µ

M2
W

,
m2
µ

M2
H

)]
= 194.79(1)× 10−11 , (56.13)

with on-shell weak mixing angle s2
W = sin2 θW = 1 −M2

W /M
2
Z and the SM prediction expressed

in terms of the Fermi constant GF as measured in muon decay [103], MZ , and α, while MW is a
derived quantity [18]. Two-loop contributions are sizable, aEW

µ [2-loop] = −40.4(4)× 10−11, and are
typically further separated into bosonic [104–106], Higgs-dependent [18, 107], and other fermionic
contributions [17, 108, 109]. In particular, the latter include quark triangle loops, for which non-
perturbative effects become important. Improvements in their evaluation [19, 20] together with
the consideration of αs corrections for the heavy quarks [110] and lattice-QCD input for γ–Z
mixing [111] lead to the updated result [20]

aEW
µ = 154.4(4)× 10−11 , (56.14)

where three-loop effects are estimated to be . 0.2× 10−11 [17, 112].

56.3.2 Hadronic light-by-light scattering
HLbL contributions enter at O(α3), involving the hadronic four-point function as indicated

in Fig. 56.2, which can be determined with data-driven techniques or using lattice QCD. For a
detailed review we refer to Ref. [9], while a summary of the present situation is shown in Fig. 56.3.
Phenomenological [19, 41–63] and lattice-QCD [65–69] evaluations agree at a level of 1.5σ, leading
to the overall average

aHLbL
µ [phenomenology + lattice] = 112.6(9.6)× 10−11 , (56.15)

whose error includes a scale factor S = 1.5. Including an estimate for NLO HLbL topologies [64]
then produces the final HLbL number quoted in Table 56.3.

56.3.3 Hadronic vacuum polarization
The leading, and most critical, hadronic effect already arises at O(α2) in the form of the HVP

diagram shown in Fig. 56.2. Traditionally, this contribution has been evaluated using the master
formula [114,115]

aHVP, LO
µ =

(
αmµ

3π

)2 ∫ ∞
sthr

ds
K̂(s)
s2 Rhad(s) , (56.16)
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Figure 56.3: Summary of HLbL evaluations, from data-driven methods (green), lattice QCD
(blue), and combinations (black). The averages are from WP20 and WP25, respectively, the other
points refer to HSZ-24 [61,113], RBC/UKQCD-19 [65], Mainz/CLS-21+22 [66,67], RBC/UKQCD-
23 [68], and BMW-24 [69]. Adapted from Ref. [9].
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which allows one to express its effect via a dispersion integral in terms of the hadronic R-ratio,

Rhad(s) = 3s
4πα2σ

[
e+e− → hadrons(+γ)

]
, (56.17)

and a kernel function K̂(s). In particular, the LO contribution is defined photon-inclusively, but
removing vacuum-polarization effects in the photon propagator. Accordingly, the integration starts
at the threshold of the e+e− → π0γ channel, sthr = M2

π0 . In WP20, the final result for the
HVP contribution was based on e+e− data, including data for the by far numerically dominant
e+e− → π+π− channel from the SND06 [116], CMD-2 [117], BaBar [118], KLOE [119], and
BESIII [120] experiments. Moreover, different methodologies for the compilation of e+e− data
were taken into account [38, 121–125], and an additional uncertainty beyond a simple scale factor
was introduced to account for the tension between the BaBar and KLOE measurements, leading
to the gray band in Fig. 56.4.

Subsequently, new π+π− measurements from SND20 [131] and CMD-3 [132, 133] have become
available, and while the former falls within the previous range, the latter increases tensions to a
level that cannot be taken into account anymore by a meaningful inflation of uncertainties. For
that reason, e+e− data are not used in WP25 for the LO HVP evaluation at this point, until the
origin of the discrepancies among data sets is understood.4

An alternative data-driven evaluation relies on τ → ντ + hadrons decays [136], in which case
isospin symmetry provides access to the isovector part of the hadronic cross section as long as
isospin-breaking corrections [137–142] can be controlled. A critical review of these corrections is
provided in WP25, identifying several effects that currently preclude the use of τ data for the HVP
evaluation due to a remaining model dependence that is difficult to quantify in a reliable manner.
However, the current best estimate from WP25 (based on Refs. [126,129,140,142,143]) is included
in the second panel of Fig. 56.4.

4The exception concerns higher-order HVP iterations [40, 134], for which the increased uncertainty can be toler-
ated [38,39]. Mixed leptonic and hadronic corrections at O(α4) are . 1× 10−11 [135].
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Figure 56.4: Summary of various determinations of aHVP, LO
µ , propagated to aSM

µ . The first two
panels refer to data-driven determinations, where the three points for each e+e− experiment reflect
the CHKLS [123, 126–128] (triangle), DHMZ [121, 125, 129] (diamond), and KNTW [38, 122, 130]
(square) methods, see WP25 for details. The gray band indicates the WP20 result, based on
the e+e− experiments above the first dashed line. The second panel represents e+e− experiments
that became available afterwards as well as the τ -based estimate from WP25. The last panel
summarizes lattice-QCD determinations, including the hybrid evaluation by BMW/DMZ-24 [31],
three individual lattice-QCD calculations by RBC/UKQCD-24+18 [33], Mainz/CLS-24 [34], BMW-
20 [23], and five lattice HVP averages from WP25. The blue band refers to the final WP25
result, which coincides with “Avg. 1.” In all cases, except for the gray WP20 band, the remaining
contributions to aSM

µ beyond aHVP, LO
µ are taken fromWP25. The red band denotes the experimental

world average. Adapted from Ref. [9].
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While the HVP evaluation from data-driven methods is thus inconclusive at this point, material
progress has been achieved since WP20 in lattice QCD, based on the time-momentum representation
of the hadronic two-point function [144]. In particular, detailed cross checks have been performed
using windows in Euclidean time [21] as a tool to scrutinize the different systematic errors of the
calculation. In total, the final average quoted in WP25,

aHVP, LO
µ [lattice] = 7132(61)× 10−11 , (56.18)

is based on 17 different papers from 8 independent lattice-QCD collaborations [21–37], from which
three almost complete lattice calculations of the entire LO HVP contribution are derived [23,33,34],
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see Fig. 56.4. Moreover, different strategies to combine the individual results (corresponding to
the five averages shown in Fig. 56.4) prove very stable, and additional systematic errors have
been assigned to cover the most challenging aspects of the calculation related to the evaluation of
isospin-breaking effects and the noisy contributions at long distances. Given this consolidation of
lattice-QCD results, the final SM prediction in WP25, as reproduced in Table 56.3, is based on
Eq. (56.18),5 until the tensions among the data-driven evaluations are resolved.

56.4 Outlook
In the current situation, it is obvious that the SM prediction (56.2) needs to be improved by a

factor of four to fully leverage the precision achieved in experiment (56.1), which would result in a
three-fold improved precision of the SM test (56.3). Ongoing efforts include [145]:

• Data-driven and lattice-QCD evaluations of the HLbL contribution will be further scrutinized
to better understand their slight tension and hopefully further improve the precision.
• Lattice-QCD calculations will be performed at increased precision, with focus on more precise
evaluations of isospin-breaking effects and the noisy contributions at long distances.
• New e+e− results are expected from BaBar, KLOE (existing data that were never analyzed
before) and Belle II, BESIII, SND (new data). In addition, the role of radiative corrections
and MC generators will be carefully scrutinized [146–152].
• New data for τ decays are expected from Belle II, and improved determinations of the required
isospin-breaking corrections will be developed using lattice QCD, dispersion relations, and
data-driven techniques.
• An independent direct measurement of aµ is the goal of the E34 experiment at J-PARC [79].
• The MUonE experiment [153–155] aims at a measurement of the HVP contribution in a
spacelike process, yielding another independent determination with completely different sys-
tematics.
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