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41.1 Introduction

This chapter gives an overview of the core concepts of machine learning (ML)—the use of
algorithms that learn from data, identify patterns, and make predictions or decisions without being
explicitly programmed—that are relevant to particle physics with some examples of applications
to the energy, intensity, cosmic, and accelerator frontiers. ML is an enormous field that has grown
substantially in the last decade, largely driven by the emergence of so-called deep learning (DL) [1,
2]. ML has a long history in particle physics going back to the late 1980s and early 1990s; see
Refs. [3-5] for recent reviews. ML is a subset of artificial intelligence (AI), which generally refers to
computational systems that can perform tasks typically associated with human intelligence, such
as learning, reasoning, problem-solving, perception, and decision-making.

Physicists are exploring and contributing to machine learning at an unprecedented rate, which
poses a challenge for those who wish to have an up-to-date view of the field. This motivated an
effort to create A Living Review of Machine Learning for Particle and Nuclear Physics [6], which
can be accessed here: https://iml-wg.github.io/HEPML-LivingReview/. At the time of writing,
the Living Review included more than 1,800 references organized hierarchically by topic. Although
we make references to some of these papers, this chapter focuses on the methodology and does not
attempt to give a comprehensive review of the applications.

Machine learning and artificial intelligence have a mathematical foundation that is closely tied
to statistics (see Ch. 40), the calculus of variations, approximation theory, and optimal control
theory. Nevertheless, there have been tremendous advances in recent years, driven by increased
computational power, enormous datasets, and new insights, that are impacting physics and society.

The topic can be organized along a few axes, which we use to structure this section. First,
there are different learning paradigms, for example, supervised learning, unsupervised learning, and
reinforcement learning. Within these paradigms, there are various tasks; for example, classification
and regression—which have been the primary use of ML in particle physics—are examples of
supervised learning. In addition to the learning paradigm and tasks, there are various types of
machine learning models that generically process some input and produce some output. The types
of models vary based on what they are modeling (e.g., so-called discriminative vs. generative
models), as well as how they are implemented (e.g., neural networks, decision trees, or kernel
machines). Next, there are the issues around training or learning within the context of a given task
and model class, which connects to optimization and regularization. We will briefly discuss the
various considerations that emerge in the application of machine learning methods to physics, such
as the treatment of systematic uncertainty, the interpretability of the models, and the incorporation
of symmetry.
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3 41. Machine Learning

41.1.1 A gentle introduction with a representative example

We will use a specific, familiar example to introduce the various ingredients in context before
factorizing and abstracting them. Consider the task of classifying energy deposits in a particle
detector as coming from electrons or protons. For this example, let the detector data consist of
energy deposits in d sensors so that the data can be represented as a feature vector x € R?. Different
components of x may correspond to physical quantities with different units (e.g., units of energy,
momentum, or position).

Due to the complex interactions of particles in the detector, we do not have an explicit prob-
ability model for the high-dimensional data for the electron and proton scenarios, but we do have
a simulator that allows us to generate Monte Carlo samples for each. This allows us to assemble
a training dataset {z;,y;}i=1,..n, where y is a label that identifies how the example was gener-
ated (e.g., y = 0 for electrons and y = 1 for protons). We would like to find a function that
accurately predicts the label on new data. Because we have feature-label pairs, this is a super-
vised learning problem. We can use a neural network to provide a flexible family of functions
fo: R? — R, where ¢ denotes the internal parameters of the neural network (i.e., the weights
and biases that we will discuss in Sec. 41.8.4). The goal of training is to find the value of the
parameters ¢ that provide the ‘best’ predictions. This is made concrete through a loss function
L(y, fs(x)). Instead of the obvious zero-one loss, which is 0 if f4(x) = y and 1 if not, we use the
squared-loss Lsq(y, fo(x)) = (y — fs(z))?, which will be motivated in Sec. 41.2.3. We can evaluate
the average of the loss on the training set of size n, known as the empirical risk or training loss
Remp(fo) = >ie1 L(Ys, fo(xi))/n.  Training refers to numerically minimizing the empirical risk.
We can numerically optimize the model through gradient descent, which iteratively adjusts the
parameters of the network according to ¢! = ¢' — AV yRemp(fs), where X is the learning rate.

Once the optimization is complete and we obtain the solution é, it is natural to assess the quality
of the trained model f 4 on an independent testing dataset'. The empirical risk evaluated on the
testing set is often larger than on the training set, and large differences indicate overfitting, meaning
that the model does not generalize well to the unseen data. The ability to accurately predict on
unseen data is referred to as generalization and the empirical risk on the test data provides a
measure of the generalization error. In order to reduce the generalization error one might explore
different model choices (e.g., neural network architectures), additional regularization terms in the
loss function, different learning rates, optimization algorithms, or early stopping criterion in the
optimization.

In order to produce a binary electron vs. proton decision from the continuous output of the
neural network, one typically chooses a threshold (i.e., classify as proton if f ¢>(x) > ¢). The choice
of the threshold c is often referred to as a working point and it sets the tradeoff between electron
and proton efficiencies, fake rates, and purities. A receiver operating characteristic curve, or ROC
curve, is used to summarize the tradeoff between true positive rate (TPR) and false positive rate
(FPR). Importantly, the characterization of the efficiency and rejection power (or equivalently the
ROC curve) requires labeled data. In a particle physics context, it is recognized that the simulation
is not perfect and the mismodeling is associated to the presence of systematic uncertainty. The
discrepancy between the distribution of the training dataset and the distribution of the data where
the model will be applied is referred to as domain shift or distribution shift. While mismodeling in
the training dataset might lead to a suboptimal classifier, the real source of systematic uncertainty
comes from the mismatch between the data used to characterize the performance of the classifier
and the unlabeled data that the classifier is applied to. This motivates the use of data-driven
methods to calibrate the resulting model.

Tt is important to never use the testing dataset to make decisions about the model. For this purpose, another
independent dataset, usually called the validation dataset, should be used (see Sec. 41.2.4).
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4 41. Machine Learning

This example provides a vertical slice through the various aspects of supervised machine learning
in particle physics. Now we factorize and abstract the various ingredients in order to provide a
more general treatment with a broader scope.

41.2 Supervised learning

Supervised learning generally refers to the class of problems where the training dataset are
presented as input-output pairs {(x;, y;) }i=1,... n, where z; € X are the input features and y; € ) are
the corresponding target labels. Furthermore, it is typically the case that x; and y; are 1ndependent
and identically distributed (i.i.d.) according to the data distribution p(x,y), (x;,v;) LLd- p(z,y),
though p(z,y) is usually not known explicitly.

The goal of supervised learning is find a function f : X — Y that ‘best’ captures the relationship
between the input features and the corresponding target labels, similar to parameter estimation
described in Sec. 40.2 of the Statistics chapter. Section 41.2.1 discusses how we quantify which
function is best.

41.2.1 Loss, risk, empirical risk

The term learning in machine learning generally refers to optimization of some objective, which
can be thought of as minimizing risk. The risk brings together three main ingredients. The first
is the model family F (where f € F is the quantity that we vary during optimization), the second
is the loss function L, and the third is a data distribution p(z,y). The risk for a model f € F is
defined as its expected loss

RIS = By L0 S @) = [ £y, f@) plary) dody (41.1)

where E,[] refers to the expectation with respect to the distribution p. Written this way, the risk
is a functional, and the idealized goal for machine learning is to solve the optimization problem

f*=argminR[f], (41.2)
feF

where F would include all possible functions.
One of the defining characteristics of machine learning in practice is that one does not know the
data distribution p(z,y), but does have access to samples from that distribution, i.e. {zi, yi}i=1,..n

with (z;, ;) Lhd- p(z,y). This leads to the corresponding empirical risk

Remp [f] = Eﬁ(x,y) [[’( = Z yla Z ) (41'3)

3\'—‘

where p(z,y) = 2 37, §(x — x;)6(y — y;) is referred to as the empirical distribution of the dataset
{(x,yi) }i=1,....n- The empirical risk minimization principle is a core idea in statistical learning
theory [7], which approximates f* with its empirical analogue

f=arg min Remplf] (41.4)
feF

where F is the set of all possible functions parametrized by the model parameters ¢. In an idealized
infinite parameter limit machine learning functions, such as neural networks, are often universal
approximators, meaning they cover all functions and F = F. For finite size models, this may not be
a valid approximation. Expressivity of the network characterizes this universality property and is a
function of the network architecture and its parameters such as width and depth of neural network
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5 41. Machine Learning

layers. If the expressivity is too small it leads to underfitting. However, an equally important
consideration is the risk of overfitting if we optimize Eq. 41.4 for too long or use an unrestricted
model class (see Sec. 41.2.5).

While the loss function may quantify some well-motivated notion of risk, it is also common to
design loss functions so that f* has some desired property. In Secs. 41.2.2-41.2.5, we will consider
several such loss functions where one can show that the corresponding f* has the desired property
even if the form of the loss is not obvious. Furthermore, there are often multiple loss functions
that can lead to the same f*. Thus, one can think of machine learning as solving Eq. 41.4 with a
sufficiently flexible model, powerful optimization algorithms, and practical considerations to break
the degeneracy between different loss functions that lead to the same f*. As we shall see, commonly
used loss functions can also be mathematically derived from a probabilistic approach.

41.2.2 Regression

The goal of regression is to predict a label y € Y given an input feature vector x € X'. Typically,
the label is a real-valued scalar, but X can be R? or some more structured target (e.g., an image,
sequence, graph, quantile, or distribution). When ) is discrete, the task is usually referred to as
classification (see Sec. 41.2.3); however, the two are closely related and logistic regression is an
example where the model predicts a continuous probability associated to the possible label values.
In elementary statistical language, the target label y is often called a dependent variable, while the
feature x is called the independent variable. In classical statistics, one often assumes a model for
the data such as

Yi = folzi) + e, (41.5)

where e; is an additive error term that is often assumed to be independent of z and normally
distributed. This leads to classic approaches like least-squares (see Sec. 40.2.3), and when the
model fy is linear in ¢ (not in x!) linear regression, which has a closed-form solution. However, we
can relax these assumptions and consider the general case of an arbitrary joint distribution p(z,y),
which can be written as p(y|z)p(x) without loss of generality (see Sec. 39.1). Consider the squared
error as a loss function, which corresponds to the mean-squared error (MSE) empirical risk:

Luise(y, f(2)) = (y — f(2))* . (41.6)

One might expect that the squared error would only be appropriate in the case that the conditional
distribution p(y|z) is normally distributed, but one can use the calculus of variations to show that
in general

fK/ISE(x) = IEp(y|m) [y] ) (41'7)

that is the optimal regressor for the MSE is the conditional expectation of y given .

One issue with the squared-error as a loss function is that it is very sensitive to outliers. Alter-
natively, one can use the absolute error |y — f(z)| as a loss function?. However, the discontinuous
derivative of the absolute (L1) error leads to challenges in optimization. As a result there are
various other loss functions, such as the Huber loss, that aim to be both robust and more amenable
to optimization.

Note that this framing of regression yields a function f(x) that only provides a point estimate
for y. An alternative approach to regression is to model the full conditional distribution p(y|x).
One such example is Gaussian process regression, which is discussed in Sec. 41.8.2. In that proba-
bilistic approach, one can still obtain a point estimator, such as the conditional expectation or the
maximum a posteriori (MAP) estimator

f'(z) = arg maxp(ylz) (41.8)

2The absolute error and squared error are often denoted as L1 and L2 errors, respectively, in reference to the
corresponding norms.
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6 41. Machine Learning

and one can also derive uncertainty estimates on the predicted value y (see Sec. 41.10 for more
details). In this setting, the prior distribution on the model family is closely related to the concept
of regularization, which we touch on in Secs. 41.2.5 and 41.8.2.

When one directly models p(y|z), or goes further to model the joint distribution p(z,y) =
p(ylx)p(x), then one can use maximum likelihood for the loss function. In that approach, the
problem is really one of density estimation, which is a type of unsupervised learning that we
discuss in Sec. 41.3.3. These two approaches are a classic examples of two different approaches
to modeling. Regression with f{jqp(z) is the prototypical example of discriminative modeling,
while modeling the joint distribution is a prototypical example of generative modeling. Generally,
discriminative approaches with supervised learning outperform generative approaches when there
is sufficient data, but generative approaches can be beneficial in data-starved settings [8].

41.2.3 Classification

The goal of classification is to predict one of a finite number of class labels y € ) given an
input feature vector x € X. It is similar to regression in this way, but the focus is on discrete
target space ). An important special case is when the label can only take on one of two values
(e.g., “signal” or “background”), which is referred to as binary classification and is equivalent to
simple hypothesis testing in statistics. It is common for a classifier to be the composition of two
functions: f(g(x)). The first function g : X — Rl predicts continuous probabilities for each class
(i.e., g.(z) =~ p(y = c|z)). The second function f : RP’I — ) then chooses the discrete label y € Y,
such as f(g(r)) = argmax,g.(r) ~ argmax, p(y|z). This is the case for both classical methods
like logistic regression and modern, deep learning approaches to classification; therefore, we will
use the term probabilistic classifier for g(z) or just classifier when it is clear in context.

An intuitive loss function for classification is the zero-one loss, which simply counts the number
of mis-classifications:
0, if f(z)=y

) (41.9)
1, otherwise .

50/1(y7f(37)) = {
The zero-one loss can also be written as Lo/, (y, f(x)) = 1(y # f(x)), where 1(-) is the indicator
function. The zero-one loss is non-differentiable, so it does not pair well with gradient-based
optimization.
For binary classification, one can use y = {0, 1} as numerical values for the class labels and the
binary cross-entropy loss function

Lixe(y, 9(x)) = — [ylog(g(x)) + (1 — y) log(1 — g(x))] . (41.10)
The resulting model will approximate fi . (z), which takes on the form

plzly =1)py =1)
zly = 0)p(y = 0) + plaly = Vply =1) ° (41.11)

Joxe(®) = By [yl = ply = 1|z) = o

That is the binary cross-entropy loss for binary classification leads to the Bayesian posterior prob-
ability that the label y = 1 given the feature vector x (see Bayes theorem in Sec. 39.1).

Equation 41.11 highlights an important feature of supervised learning relevant for particle
physics: the joint distribution p(x,y) of the training dataset implies a prior distribution p(y)
on the labels or classes. This prior distribution reflects the frequency in the training dataset, not
necessarily in the real data. When applying the resulting model to a different dataset with the
same conditional distribution (data likelihood) p(x|y) for the features and a different prior p/(y)
for the labels, the probabilistic interpretation of the result will not be properly calibrated, meaning
g(x) % p(y|z). A common choice for binary classification is to use a balanced training dataset with
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7 41. Machine Learning

ply=0)=ply=1) = , while in many cases the true p/(y = 1) in the experimental data might
be very small (i.e., low 51gna1 to-background), unknown, or zero (i.e., a hypothetical particle that
does not exist).

If p'(y) and p(y) are known then Bayes theorem can be used to re-calibrate the posterior p(y|z)
from one prior to another. One example of such re-calibration is the correspondence of binary
classification to simple hypothesis tests in frequentist statistics discussed in Sec. 40.3.1 of the
Statistics chapter. In that setting, the Neyman-Pearson lemma states that the optimal classifier is
given by the likelihood ratio

plzly=1)
e 41.12
fNP( ) (x’y _ O) ) ( )
which does not depend on the prior probabilities p'(y = 0) or p'(y = 1) as in Eq. 41.11, or,
equivalently, assumes equal priors p/(y = 0) = p’(y = 1). Bayes theorem can be used to show that
the two functions, f{p(z) and fi (), are related by a one-to-one, monotonic transformation

mﬂ@=§8231?%§@y (41.13)

which is referred to as the likelihood-ratio trick and plays an important role in simulation-based
inference (see Sec. 41.6).

A standard way to evaluate the performance of a classifier is to evaluate the true positive rate
(TPR)—the proportion of y = 1 samples that are correctly identified based on a fixed threshold
g(x) > c—as a function of the false positive rate (FPR)—the proportion of y = 0 samples that are
misidentified based on the same fixed threshold. Plotting these values generates a graph known
as the receiver operating characteristic (ROC) curve. Importantly, the monotonic transformation
of Eq. 41.13 does not impact the tradeoff between FPR and TPR, therefore the ROC curves for
fp(z) and fi (z) are identical and do not depend on the prior probabilities p(y). This property
has been leveraged in weakly supervised approaches [9] to train a classifier in data without access
to labels as long as one has two datasets with different p(y = 1)/p(y = 0) ratios and the same
conditional distribution p(z|y) of the features given the labels.

A generalization of Eq. 41.10 that applies to multiple classes, is the categorical cross-entropy
loss

Lely, f(2)) = = Y 1y = ) log(fe(@)) , (41.14)

celY|

where f: X — RPI and the indicator function picks out the term in the sum for the corresponding
class label y. This loss can be derived by maximizing the posterior of Eq. 41.26 using a discrete set
of class labels y, which identifies f.(x) = f(y = ¢|z) = p(y = ¢|z) and thus assumes the constraint
Yoo fe(x) =1 and fe(x) > 0 (see Sec. 41.8.4.2 for an activation function that enforces this). The
function f (y|z) can be interpreted as a conditional distribution, i.e., an approximation to the true
posterior p(y|x). The risk associated to the cross entropy loss function is

el celV|

Rxe[.ﬂ (x,y) Z 1 log fc ] Z p Y= C p(z|y) [log f( |£C)] : (41‘15)

This is equivalent to Rxe[f] = Ep)[H[p(y|7), f(y|2)]], where

Hip, f| = Eyl-log f] = ~ [ pla) log(f(x)) da (41.16)
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is the cross entropy between the two distributions. One can use a Lagrange multiplier to enforce
the normalization constraint and the calculus of variations to show that

f;e,c(x) = p(y = C’.’Iﬁ) ) (4117)

which is equivalent to the solution in Eq. 41.11 in the binary case.

This approach is closely related to the loss functions that are used for density estimation, the
forward Kullback-Leibler (KL) divergence, and the maximum likelihood estimation. Minimizing
cross entropy H|[p, f] to ¢ is equivalent to minimizing the forward KL divergence

KL(pllfy) == Epllog p(x)) —log fy] = Hlp, fs] — Hlp] , (41.18)

where Hp] = [ p(x)log p(z)dz is the entropy and independent of fy. The KL divergence KL[p|| f] >
0, and equal if and only if p = f.

Unlike in the binary classification case, the multi-class classifier is sensitive to the priors p(y)
used in training. This leads to complications as often the class proportions are unknown. For
example, one might be interested in classifying a signal when multiple backgrounds are present and
the relative proportion of those different background components is uncertain. Ideally one would
like the class proportions for the background components used in training to match those in the
data, which presents an additional training challenge if those proportions are heavily unbalanced.

41.2.4 Generalization and model complexity

With a sufficiently flexible model, it is possible to fit the training dataset very well, though
the model might not generalize well to unseen data, a phenomenon known as overfitting. More
concretely, for a nonnegative loss function one might have Remp| f] = 0, while the true risk R[f]
might be large. Conversely, underfitting occurs when a model is unable to capture the relationship
between the inputs and labels accurately, resulting in large empirical and true risks. While it
is generally not possible to evaluate R] f] exactly because we do not know p(u), we can use an
independent dataset (also called validation dataset) to obtain an unbiased estimate of it. This
cross-validation method motivates the test-train-validation split of the data.

Intuitively, a model with many parameters has more flexibility and is more prone to overfitting.
However, some highly over-parameterized models (that have large subspaces of their parameters
where Remp[fs] — 0) generalize well [10,11]. Often this is achieved through regularization, both
explicit and implicit (Sec. 41.2.5).

Two main sources of error prevent models from generalizing beyond their training dataset. One
is bias arising from erroneous assumptions in the model and the other is wvariance arising from
sensitivity to statistical fluctuations in the training dataset. The bias-variance decomposition is a
way of analyzing a model’s expected risk as a sum of bias and variance terms. Concretely, if £
is the squared loss, one can decompose the expected risk Ep[Remp] f¢]] over all possible training
datasets D into three terms [12,13],

Ep [RIF1] = BBy [(v — fF(@))?] (41.19)
= Eya) |Bpyie) (v — 9)] +Ep [(fo(@) = F(2))2] + (3 - F@))?] | (41.20)
noise variance bias

where f(z) = Ep [ ff(m)} is the “average” prediction of the model over different possible training
datasets. In this expression, the first term is the inherent “noise” in the dataset, i.e., the variance
of y around its mean, which is zero if y is deterministically related to x. The second term is the
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Figure 41.1: Curves for training risk (dashed line) and test risk (solid line) from Belkin et al. in
Proceedings of the National Academy of Sciences, 2019. The classical U-shaped risk curve arising
from the bias-variance trade-off (left) and the double descent risk curve (right), which incorporates
the U-shaped risk curve (i.e., the “classical” regime) together with the observed behavior from
using high capacity function classes (i.e. the “modern” regime).

variance of the model around its average when considering different training datasets, and the third
term is the squared bias, i.e., the difference between the average prediction and the true conditional
mean.

Classically, there is a correspondence between overfitting and underfitting and the concepts of
bias and variance discussed in Sec. 40.2 on parameter estimation. Overfitting implies high variance:
the model class is too complex and retraining yields vastly different models. Variance tends to
increase with model complexity and decrease with more training data. Underfitting implies high
bias: the model class is too simple and has a large error rate. Thus, there exists a tradeoff between
bias and variance, shown schematically in Fig. 41.1 (left).

However, in modern machine learning, very high-capacity models such as neural networks can
be trained to exactly fit the data, and yet obtain high accuracy on test data [14], as shown in
Fig. 41.1 (right). This phenomenon is known as “double descent.” The apparent contradiction
may be addressed by considering the regularizing (Sec. 41.2.5) effects of neural network training,
specifically stochastic gradient descent (Sec. 41.9.2).

41.2.5 Regularization

The trained model f , or equivalently, the parameters of the trained model <Z§ can be thought of as
point estimates of f*. The bias-variance tradeoff means that introducing a small bias can often lead
to a significant reduction in variance. This motivates the explicit addition of a reqularization term
to the loss function, which will introduce some bias fii, # f*. A common form of regularization is
to penalize by the L2 norm of the parameters (i.e. ||$||?), which is referred to as L2 or Tikhonov
reqularization. This appears in the form of penalized maximum likelihood, and it is also commonly
used in unfolding [15]. Alternatively, one can penalize by the L1 norm ||¢||, which is known as L1
reqularization. One can also interpret the regularization term as an explicit prior on the parameters,
and the resulting model as the Bayesian maximum a posteriori (MAP) estimator. When L1 or L2
regularization is paired with linear regression, it is known as LASSO regression or ridge regression,
respectively. In addition, L2 regularization paired with kernel machines gives rise to Gaussian
process regression.

These two types of explicit regularization generally have solutions with different properties. For
example, L1 regularization naturally induces sparsity, i.e., a fraction of the parameters are nearly
zero, whereas L2 regularization tends to keep all parameters nonzero but with lower magnitudes,
as illustrated in Fig. 41.2. Because L1 regularization sets certain parameters to zero, it is often
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Figure 41.2: Depiction of L1 (left) and L2 (right) regularization constraint regions and the
contours of an unregularlzed loss function. The intersection with the L1 constraint region gives an
optimal value qﬁ that is sparse, i.e., ¢1 = 0, while the L2 contraint region yields an optimal value <Z>
where both ¢ and ¢o are small, but nonzero.

used as part of feature selection and model compression techniques, as discussed in Sec. 41.11.

Another form of regularization is to restrict the model class F. For example, a neural net-
work and a sequence of narrow step functions (delta functions) can both be shown to be universal
approximators in infinite parameter size limit, but on real world examples the former generalizes
much better than the latter. Within the class of neural network models, convolutional neural net-
works are a subset of generic feedforward neural networks that approximately preserve translational
symmetry (see Sec. 41.8.4.4 for more discussion). These types of choices are often encoded in the
architecture of a neural network and are broadly referred to as inductive bias in the model.

In addition to explicit regularization terms in the loss function or through restrictions to the
model class, it is also possible to regularize implicitly. One implicit regularization is through
early stopping [15,16], where we monitor the loss on the training dataset and the loss on held-out
validation dataset. While the training loss continues to decrease with more gradient descent cycles,
the validation loss may not, and early stopping stops the training when validation loss flattens
out or begins to increase. Another powerful form of regularization used in deep learning models is
known as dropout [17], which randomly removes some some parts of the model during training and
can be thought of as implementing a type of model averaging [18].

The chosen numerical optimization procedure can also act as an implicit regularization. In
the case of highly over-parameterized models where there is a large degenerate parameter space
that achieves zero loss, @9 = {¢|Remp[fs]} = 0, the dynamics of the optimization algorithm will
break the degeneracy and favor some particular gz3 € @ as if an additional regularization term was
included. Despite zero loss and over-parametrization, the corresponding generalization error may
be small, a phenomenon called benign overfitting [19]. Different optimization algorithms will have
different implicit regularization effects, and thus favor different parameter points in @y that will
have different generalization error [20]. Understanding this interaction is a topic of contemporary
research in machine learning [21].

Some methods such as Gaussian process (GP) do not require optimization, and instead use
linear algebra to obtain the solution. Benign overfitting is explicit for GP in that in the absence
of noise the solution goes through all the training data, yet it generalizes well if the kernel is well
chosen. Infinitely wide neural networks have an explicit correspondence to Gaussian process [22].
When applied to deep networks this leads to the concept of neural tangent kernel [23].
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41.3 Unsupervised learning
Unsupervised learning generally refers to the class of problems that use unlabeled training
dataset {x;}i=1,. n, where z; € X’ are the input features. Furthermore, it is typically assumed that

() LLd- p(z), though p(z) is usually not known explicitly. Finally, the loss function in unsupervised
learning takes on the special form L£(z, f(x)). This class of learning has many different applications,
such as density estimation, anomaly detection, generative learning, representation learning and
clustering, each with the corresponding set of methods. Some of these tasks can be achieved
with the same methods, e.g. normalizing flows (see Sec. 41.3.4.3) can perform density estimation,
generative sampling and anomaly detection.

41.3.1 Representation learning, compression, and autoencoders

A recurring topic in machine learning and statistics is how to represent the data. Much of clas-
sical statistics involves constructing a low-dimensional summary statistic that extracts the relevant
information from the data for a particular task (a sufficient statistic in the language of classical
statistics). There is a spectrum of representations with tradeoffs. At one end of this spectrum is
lossless compression that allows one to encode the data into a smaller, intermediate representation
that carries all the information since it can be decoded back into the original data. At the other
end of the spectrum is something like the likelihood ratio, which is a single scalar that carries the
relevant information needed for hypothesis testing for a single hypothesis, but it discards all the
other information that might be needed for other tasks, such as testing other hypotheses. An in-
termediate point in this spectrum is the process of feature engineering, which refers to the creation
of new features X’ from the original features X in hopes that the downstream task will be easier
with the new features. For example, instead of working directly with the energy and momentum
of particles, one might compute invariant masses or angles between particles. This type of feature
engineering generally improves performance for shallow neural networks and decision trees; how-
ever, with the rise of deep learning this is often no longer necessary and may limit performance
compared to working with the original features [4]. One can think of the intermediate layers of a
neural network between the input and the output a representation of the data that is good for the
task at hand, and by training all the layers of the network simultaneously (or “end-to-end”) one
can see the intermediate layers as a learned representations. For a review, see Ref. [24].

An example of a linear dimensionality reduction representation and data compression is principal
component analysis (PCA) of data 2 € R? at fixed latent space dimensionality k (k < d), which
finds the orthogonal linear transformation, O,

O:RF SR 2 — 0z, 00T=1, (41.21)

that maximizes the data variance in the latent space. Maximizing the variance of the transformed
data is equivalent to minimizing the average reconstruction error (the residual variance in data
space),

Licco(@, f(2)) = [lz — f(2)]* . (41.22)

A PCA can thus be interpreted as a linear, orthogonal model that is trained to minimize the Lo-
distance between the input data and the reconstructed data given the fixed dimensionality k. In
practice, the PCA problem can be solved analytically without the use of optimization algorithms
or the loss function: the principal components are given by the eigenvectors of the data covariance
matrix.

A suitable latent space dimensionality, k, is chosen by ordering the eigenvalues, A;, of the data
covariance in descending order, and keeping only the first few eigenvectors that correspond to the
largest eigenvalues. The cut is often made at dimensionalities that capture around 90% of the data
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variance. For many data sets this results in k < d. The average reconstruction error that originates
from the discarded eigenvalues is 02, .= ¢, 11N

Another common type of representation learning and nonlinear dimensionality reduction is
based on the autoencoder f = goe : X = X, where e : X — Z is referred to as the encoder
and g : Z — X is referred to as the generator or decoder. Typically the dimensionality of Z is
much less than X, and z = e(x) can be thought of as a compressed representation of the input.
The intermediate space Z is sometimes referred to as the bottleneck or the latent space of the
autoencoder. If the bottleneck is sufficiently large and the encoder and decoder are sufficiently
flexible, then the function f could just be the identity (i.e., lossless compression). However, if the
encoder and decoder are not sufficiently flexible or the dimensionality of the latent space is not large
enough there will be some reconstruction error. Therefore, the reconstruction error of Eq. 41.22
serves as a natural loss function of an autoencoder.

Once trained, the encoder e(z) can be used independently of the decoder to provide a generic
low-dimensional representation of the data. The flexibility of this approach is attractive; however,
there are no guarantees that this representation will be optimal for the other task. Indeed, the
transition from pre-trained autoencoders to end-to-end learning is one of the important trends that
characterized the onset of the deep learning era.

While achieving zero reconstruction error may seem good as it would imply lossless compression,
it often performs poorly in practice. First, the encoder may be overfit to the training dataset and
not generalize well to held out data. This can be addressed by adding a prior to the training,
discussed in Sec. 41.3.4.1. Second, it may not be robust to domain shift (see Sec. 41.10.2).

41.3.2 Clustering

The goal of clustering is to group the data {x;}i—1, ., into k groups, or clusters, usually with
k < n. Intuitively, if two data points belong to the same cluster, then they should be similar
in some sense. Conversely, if two data points are very different, then they should be assigned to
different clusters. The notion of similarity usually is based on some heuristic, and there are a
variety of algorithmic and probabilistic clustering algorithms. In some cases k is specified, while
in others it is determined by the clustering algorithm. There is also a distinction between flat
clustering that directly partitions the data into k clusters and hierarchical clustering where clusters
are nested hierarchically as the name suggests. In many cases, clustering uses some notion of
distance d(z;, z;), which may be the L, norm ||z; — z;|l,.

One of the most common clustering algorithms is known as k-means, where k is specified by
the user and results in sets S = {S1,..., S} that minimize the variance of each cluster. Thus, the
objective is

LI
i=1 21|

> Ix—yl* (41.23)

k k
arg minz Z Ix — p]|* = argminz |S;| Var S; = arg min
S S S xyCS;

i=1x€S; =1

where p; is the mean of points in S;. k-means can be interpreted as a Gaussian mixture density
estimation of p(x), where all the Gaussians are isotropic. It can be generalized to a Gaussian
mixture model, where both the means and the covariance matrix are estimated.

Among the other class of algorithms that determine k, density-based spatial clustering of appli-
cations with noise (DBSCAN) is one of the most frequently used. DBSCAN clusters points based
on a distance metric (e.g., Euclidean) defined for each application. Two hyperparameters are €, the
maximum distance threshold to determine whether a neighboring point belongs to the same cluster,
and the minimum sample size for a group of close points to be identified as a valid cluster or noise.
While DBSCAN is robust against irregularly shaped clusters with a simple distance-based metric,
single threshold parameter e shared to distinguish all clusters can be challenging. Hierarchical
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DBSCAN (HDBSCAN) generalizes to varying densities by building a hierarchy of density-based
clusters across all € via mutual-reachability distances, then extracts the most stable clusters from
a condensed tree.

Finally, neural networks are often used for clustering in particle physics. One use case is to
transform the data points into a latent space where clustering is performed using an unsupervised,
traditional algorithm. For example, an input dataset may not follow an isotropic gaussian distribu-
tion which is assumed by k-means, but one can design a neural network to learn a transformation
into the latent space where this assumption holds. Another use case is to use neural network di-
rectly for clustering operation. Examples include object detection [25] and segmentation [26,27] in
computer vision (see Sec. 41.8.4.4) as well as clustering of graph nodes via edge classification [28-32]
(see Sec. 41.8.4.7).

41.3.3 Density estimation
The goal of density estimation is to estimate a distribution p(x) based on samples {x;}i=1, . n

with x; g p(z). Conceptually, this is the same goal as when fitting a parameterized distribution
f(x;0) to data using the method of maximum likelihood as described in Sec. 40.2.2 of the chapter on
statistics. In practice, the difference in the machine learning context has to do with the flexibility
of the model and the dimensionality of the data. A highly-flexible model, which can effectively
approximate any distribution, is referred to as a non-parametric model (though, ironically, usually
this means the model has many parameters). In contrast, typical maximum likelihood fits in particle
physics are based on restricted families of distributions with relatively few parameters and the data
is typically one- or two-dimensional, though occasionally five- or six-dimensional.

Maximizing the likelihood function in Eq. 40.9, £(0) = [T/~ f(x;;0) is equivalent to minimizing
the empirical risk:

1 n
Remp el fo] = =~ 3 _log fo() (41.24)
i=1
where we adopt the notation used in this chapter. The loss is simply L(x, fy(z)) = —log fs(z),
and the corresponding risk is
Rxe[fs] = Ep(a)[—log fo(2)] (41.25)

which is the cross entropy H[p, fs]. For density estimation, the model is usually constructed to
enforce [ fg(x)dr = 1 and fy(xr) > 0 so that it can be interpreted as a distribution. With this
constraint, one can show that f (z) = p(z). This is not the only form of training: flow matching
and diffusion methods train on a different objective, discussed further below.

The concepts of generalization and overfitting are particularly acute in unsupervised learning,
where the likelihood maximization of equation 41.24, combined with universal approximator as-
sumption, must converge onto p(z) = L 37", §(z — x;), the empirical distribution of the dataset
{xi}i=1,.. n. This distribution has the highest likelihood on the training dataset and the lowest
likelihood on the test data where it gives p(x) = 0 as long as the test dataset are not identical to
the training dataset. So the empirical distribution of the training dataset has the worst possible
generalization property, yet it is the solution we converge to for sufficiently expressive architec-
tures in the absence of any regularization. In contrast, in supervised learning we often observe the
phenomenon of benign overfitting, where even zero loss can generalize well.

In addition to approaches to density estimation that involve learning in the sense of minimizing
a loss or risk function, we note that there are also classical density estimation techniques such
as histogramming and kernel density estimation [33-35]. These techniques often fail in very high

dimensions.
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41.3.4 Generative models

Deep generative models are powerful machine learning models that can learn complex, high-
dimensional distributions and generate samples from them. Because of their inherently probabilistic
formulation, generative models are rapidly becoming an indispensable tool for scientific data anal-
ysis in a range of domains. The goal of generative models is to draw samples from p(z). For some
formulations of learned p(z), such as normalizing flows, the samples can be drawn directly. For
other explicit formulations of p(z), such as Boltzmann machines, one can use sampling techniques
such as Monte Carlo Markov chain sampling. There are however many other approaches to drawing
samples from p(x) that do not rely on its explicit form.

Generative models can be contrasted against discriminative models that are primarily used for
supervised learning tasks. Roughly, discriminative models are used for prediction and f(z) provides
a point estimate of the target y, and they are more closely connected to function approximation.
In contrast, generative models describe the data distribution p(z) (or the joint data distribution
p(z,y) in a supervised setting). An enlightening discussion of these two approaches can be found
in Ref. [8].

There are a number of different types of deep generative models that have various pros and
cons as they do not all have the same capabilities. We will focus on variational autoencoders
(VAEs) [36,37] , generative adversarial networks (GANs) [38,39], normalizing flows (NFs) [40-44],
and flow-matching and diffusion models [45-48], though other approaches have been explored in
this quickly developing area of research. Consider these three distinct types of functionality:

» generation: ability to sample or “generate” a data point z; ~ p(z).

o likelihood for generated data: ability to evaluate the probability density (likelihood) p(z;)
for a data point z; sampled from the model x; ~ p(x).

o likelihood for arbitrary data: ability to evaluate the probability density p(z;) for an
arbitrary data point x; € X.

Each of the models above can be used for generation; however, only normalizing flows provide
all three capabilities. For reasons that we will describe below, GANs and VAEs do not provide a
tractable likelihood function, and they are sometimes referred to as implicit models. This establishes
a connection to simulation-based inference where most scientific simulators are also implicit models
with an intractable likelihood. Because normalizing flows have a tractable likelihood, they can be
trained via maximum likelihood (Eq. 41.24) as described in Sec. 41.3.3. GANs and VAEs, on the
other hand, need to employ some other loss function to be trained. In the case of VAEs, training
is based on the ELBO used in variational inference (see Sec. 41.2.3 and the discussion around the
reverse KL divergence below Eq. 41.18). While GANs are also implicit models they data they can
generate is typically restricted to a lower-dimensional manifold M C X, meaning that almost all
real training dataset doesn’t “live on” the subspace of possibilities that the model can produce.
In this case, the likelihood is for almost all data is zero, and so even ELBO-based training will
not work. The breakthrough idea introduced in Ref. [38] was to use adversarial training where a
classifier would be used to quantify how different the data generated from the model is from the
data from the target distribution.

VAEs, GANs, and normalizing flows introduce a mapping g(z, ) from a base random variable
z to the space of the data X. The map ¢(z, #) is typically implemented with a neural network. The
random variable z is sampled from some known base distribution p(z) that is both easy to sample
and has a density that is easy to evaluate. Typically, the base distribution is a multivariate normal.

In the literature on GANs and normalizing flows, this base random variable is often referred
to as a latent variable and p(z) is often referred to as a prior distribution. In the case of VAEs,
one additionally adds some normally-distributed (Gaussian) random noise € to the output so that
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x = g(z,0) + €. In this case, z and z are not deterministically related and z is a legitimate latent
variable in the model and p(z) can be interpreted as the prior on that latent variable. In this
case, the model can populate the full space of the data. Unfortunately, the marginal likelihood
p(z) = [ p(zx, z)dz involves an intractable integral, thus maximum likelihood training is infeasible.
However, the likelihood term p(z|z) is tractable (i.e. the Gaussian noise), so training with the
ELBO is possible.

Note that the dimensionality of z need not be the same as that of z. If z € R? and X = R¢
with ¢ < d, then all points g(z,6) will lie on a d-dimensional surface in R%. In the case of a VAE,
the Gaussian noise € means that the generated data x will be distributed in a thin region around
the surface defined by g¢(z,60). The presence of a bottleneck (i.e. ¢ < d) leads to advantages and
disadvantages. The disadvantages for GANs is that the likelihood assigned to almost all real world
data (i.e. data not generated by the model) will be zero, so training is more difficult and many
tasks in probabilistic inference won’t be applicable. However, often real world data is also effectively
described by a low-dimensional subspace in the full space of the data — random images look like
noise, while natural images are in some sense special. For this reason, images produced by GANs
for instance often have better visual quality than those produced by other techniques. This points
to the ambiguity encountered in quantifying how close two distributions are, and also motivates
the use of distance measures such as the Earth movers distance or Wasserstein distance [49, 50].
Conversely, the lack of a bottleneck (i.e. ¢ = d) leads to very large models and scalability issues
when the data is high dimensional.

Recent work has also focused on combining ideas from VAEs, GANs, and normalizing flows so
that the generative model does involve a bottleneck but can still provide tractable likelihoods for
density estimation restricted to that manifold [40,51-54]. Some of these models can also be used
in the context of anomaly detection and out of distribution detection by identifying data that is off
the manifold.

The parametrization of the mapping (the architecture of the neural network) should match
the structure of the data and be expressive enough. For problems with explicit symmetries it
is beneficial to include them into the architecture of the network explicitly, which restricts the
allowed space of the models and matches their inductive bias (implicit regularization inherently
built into the choice of architecture of the network) to the data. Different architectures have been
proposed [43,55-57], and to achieve the best performance on a new dataset one needs extensive
hyperparameter explorations [58].

41.3.4.1 Variational autoencoders

The autoencoder was described in Sec. 41.3.1 as model for compression and representation
learning. The model is f = goe : X — X, where e : X — Z is referred to as the encoder
and g : Z — X is referred to as the generator or decoder. The standard autoencoder is not a
probabilistic model, but additional probabilitic structure can be added.

One approach is VAE mentioned above [36,37]. By equipping the latent space with a prior
distribution p(z), the decoder of the autoencoder g(z,#) implies a distribution on a manifold in
the output space X. VAEs additionally add some normally-distributed (Gaussian) random noise €
to the output so that x = g(z,0) + e. This implies that pg(z|z) is a tractable quantity, and it is
interpreted as the likelihood in this context.

In a VAE one also elevates the encoder to have a probabilistic form. Instead of encoding
z = e(z) in a deterministic way, one seeks a distribution over z given z. A natural target for
the probabilistic encoder would be to probabilistically invert the decoder. This inverse problem is
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solved by the posterior distribution p(z|z) via Bayes theorem

plale)p(z)

) (41.26)

p(z|r) =
While the likelihood and the prior may both be tractable, the normalizing constant p(x) =
J p(z, z)dz involves an intractable integral (the same intractable integral that makes maximum
likelihood training of the VAE infeasible).
One approach to Bayesian inference in these settings is variational inference (VI). In VI one
approximates the posterior with some parametric family gy (z|x) in a parametric form, and then
optimizes the ELBO with respect to its parameters ¢.

p(z,2)
q(2)
where we used Jensen’s inequality for concave functions (log) and the reverse Kullback-Leibler (KL)

divergence term is

ELBO = E,logp(e2) ~ Dicla(:)Ip(2)) < og By |27 | =logn(e) . (a120)

Dxvrlq(2)[|p(2)] = Eq(z)[log g(2) — logp(2)] > 0. (41.28)

In a VAE, the variational model for the posterior g4(z|z) is often assumed to be an uncorrelated
Gaussian (this is often called mean field approximation) defined by the mean p and variance X.
Instead of optimizing the mean and variance independently for each x, VAEs use neural networks
to predict the mean ji4(x) and the variance Xy (x). This is called amortized inference, since after an
up-front training cost the approximate posterior g4(z|z) can be evaluated efficiently with a single
forward pass of the neural network. Note the standard auto-encoder is recovered if one only used
the mean py(x) for the encoder and did not add noise € to the decoder.

Both the probabilistic encoder g4(z|x) and the probabilistic decoder py(z|z) are trained jointly
by optimizing the ELBO. Unlike the standard autoencoder, which only minimizes the reconstruction
error, ELBO optimization of Eq. 41.27 has a tradeoff between minimizing the reconstruction error
in the first term (averaged over the approximate posterior ¢(z)), which encourages high quality
reconstructions, and minimizing the KL divergence term, which forces the posterior ¢(z) to be as
close to the chosen prior p(z), and thus controls the sample quality by matching the aggregate
posterior with a chosen prior distribution [59]. This term regularizes the VAE latent space, such
that every sample drawn from the prior p(z) correspond to a valid sample. Successful VAE training
requires to find a delicate balance between the two contributing terms to the ELBO. Whether the
VAE training process succeeds in striking this balance depends on a number of factors, including
the network architectures, the chosen prior and the class of allowed posterior distributions. Once
trained, the VAE can be used as a generative model by sampling from the prior z; ~ p(z) and then
decoding according to pg(z|z) = g(z,0) + €.

VAEs allow for expressive architectures, enjoy the benefits of regularization through data com-
pression and have a firm theoretical foundation. Compared to GANs [38] 41.3.4.2, VAEs are of
particular interest to the scientific community as they provide a lower bound to the marginal
likelihood (albeit potentially with a large gap) and a posterior distribution for the latent variables.

It is also interesting to consider a special case of the autoencoder and VAE where the encoder
and decoder are restricted to be linear transformations, which is effectively PCA. In PCA the
(linear) decoder can be written g(z) = Oz, where O is a matrix. As in the case of the autoencoder,
PCA is not a probabilistic model, but probabilistic structure can be added. Probabilistic PCA [60]
assumes that the latent variables follow a Gaussian distribution with mean zero and covariance A,
where A is a diagonal matrix with the rank-ordered eigenvalues \; along its diagonal. The true
distribution of the PCA components may be non-Gaussian, but a Gaussian is the maximum entropy
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approximation given their first two moments. Note that in probabilistic PCA these moments are
measured on training dataset (when finding the principal components).

One can generalize probabilistic PCA to use nonlinear encoder and decoder as in an autoen-
coder. A Gaussian prior is a poor ansatz for the latent space distribution of data proceed by
an autoencoder. Instead one can learn the density of the training samples in latent space using
a normalizing flow. This model was introduced in M-flows [53] and in probabilistic autoencoder
(PAE) [54], which achieves similar performance to a VAE in terms of sample quality without explicit
ELBO optimization. In all these cases the dimensionality of the latent space is a hyperparameter to
be chosen or optimized by the user. Unlike a standard VAE, these models do not add noise to the
decoded output, thus the data is strictly restricted to the manifold defined by the decoder g(z,#).
However, unlike a GAN there is a well defined way to take an arbitrary data point z, project it
onto the manifold, and calculate the density of the data point projected onto the manifold. Thus
these models can also be used in the context of anomaly detection and out of distribution detection
by identifying data that is off the manifold.

41.3.4.2 Generative adversarial networks

GANSs [38] also typically choose a low dimensional latent space z with a known prior distribution
p(z), typically a normal (Gaussian) distribution with zero mean and unit variance. GANs do not
add noise to the output g(z,6), so the likelihood p(z|z) (and marginal likelihood p(x)) for almost
all of the data space is 0, which precludes training by maximum likelihood and the ELBO. Instead
of training on ELBO, GANs train on a dissimilarity measure defined implicitly by a discriminator
D(z) (also referred to as the critic). Calculating the dissimilarity often involves it’s own learning
problem (i.e., adversarial training of the discriminator).

The training is usually framed as a mini-max game

mgin max LoaN = mgin mBX{E:cwp(x) log D(z) + K,z log[1 — D(g(2))]}- (41.29)
The goal of the discriminator is to distinguish between true and generated data, hence we want to
maximize this loss with respect to D, assigning 1 to true data and 0 to generated data. The goal
of generator is to fool the discriminator such that it cannot distinguish between true and generated
data, hence we want to minimize this loss with respect to g at fixed D. This can be viewed as a
game theoretical setup in a zero sum game between generator and discriminator.

Instead of this game theory interpretation we can view the internal objective maxp Lgan as
an implicit loss function that measures the dissimilarity between the target and generated distri-
butions. The loss of Eq. 41.29 corresponds to the Jensen-Shannon (JS) divergence, which is a
symmetrized form of KL divergence. However, JS divergence is hard to directly work with, and
the adversarial training could bring many problems such as vanishing gradient, mode collapse (ten-
dency of generator to cluster the samples around the training samples, with holes between them)
and non-convergence [49,50]. One of the core issues is that the distribution generated by the GAN
is not guaranteed to cover the entire space. To address these issues Wasserstein GANs train on

mgin max LweAN = mgin mgx{EINP(x)D(a:) —E.p»)D(g(2))} (41.30)

Here again the goal of discriminator is to make the loss as large as possible between the true data
and the generated data, while the goal of generator is to make it as small as possible, so that the
discriminator cannot distinguish between the two. There is no requirement for D(x) to be between
0 and 1, which helps with the above mentioned problems of JS divergence. Instead, this is replaced
with a requirement that D(z) is 1-Lipshitz, i.e. the absolute value of the norm of the gradient of
the discriminator output with respect to the input has to be less or equal to 1.
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Eq. 41.30 can be interpreted as the dual form of the 1-Wasserstein distance between the true and
generated distribution [61]. Wasserstein distances are a measure of dissimilarity between two distri-
butions used in the context of optimal transport, a mathematical theory of how to define a notion
of distance between probability distributions. Since the transport distance increases with the sep-
aration between the two distributions when they are non-overlapping, there is no gradient collapse

that plagues other measures. In its primal form p-Wasserstein distance, p € [1,00), between two
1

probability distributions p; and pa, is defined as Wy (p1,p2) = inf ez, po) (]E(ﬂc,y)Nv [z — y|p]) ’
where IT(p1,p2) is the set of all possible joint distributions v(z,y) with marginalized distributions
p1 and py. In 1D the Wasserstein distance has a closed form solution via cumulative distribution
functions (CDFs), but this evaluation is intractable in high dimensions.

In the dual form of 1-Wasserstein distance, one instead maximizes Eq. 41.30 over all possible
functions D(z) that are 1-Lipschitz. One way to implement this is through weight clipping of the
parameters of discriminator network, but a simpler solution is to add a gradient norm penalty term
explicitly to the loss function [62].

Because of the discriminative nature of the dissimilarity measure defined in data space, GANs
and Wasserstein GANs often generate more realistic samples than VAE or normalizing flows in high
dimensions such as natural images (although flow matching and diffusion models can outperform
GANs). However, GANs do not provide an encoder from data to latent space nor a tractable
likelihood p(x).

41.3.4.3 Normalizing flows and autoregressive models

Normalizing flows (NFs) provide a powerful framework for density estimation and sampling [40—
44,63]. These models map the data z to latent variables z through a sequence of invertible trans-
formations f = fio fao---o fy,, such that z = f(x) or z = g(2) = f~!(x). Asin the VAE and GAN,
z is modeled as a random number with a simple base distribution pz(z), which is typically chosen
to be a standard normal (Gaussian) distribution. Since NFs are invertible the dimensionality of
the latent space equals the dimensionality of the data space, in contrast to VAE and GANs where
the latent space dimensionality is often lower. The probability density of the model be evaluated
using the change of variables formula:

of(x = dfi(x
px() = p( @) et (2LE2) | = pt o) T e (2220} (a131)
x Pl Ox
where we have added subscripts to px (z) and pz(z) for clarity. The Jacobian determinant det( agg(f) )

must be efficient to compute for density estimation to be practical, and the transformation f; should
be easy to invert for sampling. In contrast to VAE and GANs, standard normalizing flows preserve
the dimensionality of the data space as they are invertible (though there are normalizing flows
that are defined on lower dimensional manifolds embedded in the data space [40,51-54]). As such,
unlike GANs and VAEs, they can be trained via maximum likelihood (Eq. 41.24) as described in
Sec. 41.3.3.

There are several popular architectures of NFs. A method used by NICE, RealNVP and Glow
[41-43] is to split the space into two disjoint sets z; and 29, and then use an identity forward map
z — x for x1, x1 = 21, and an affine transformation for zs of the form

x9 = exp(s(z1)) © 22 + m(z1), (41.32)

where © is elementwise product and m(z1), s(z1) are neural networks. The Jacobian of this map
is lower triangular, and its determinant is simply the product of elements along the diagonal,
which is tractable, as is the inverse of the transformation. At the next layer one then performs a
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different split of dimensions into z; and z3. The affine transformation can be further generalized
to a nonlinear form using rational splines [64].

One can interpret the sequence of invertible transformations fi o foo---o f, as n discrete time
steps in a continuous flow. In particular, one can think of a continuous-time flow described by an
ordinary differential equation (ODE) and then interpret the discrete time steps as the result of a
numerical integration of that ODE. This is the approach taken by the Ffjord algorithm [65] and
other variants. A residual flow has an update f;(x) = x; + du;(x), which for §; = n~! and taking
n — oo limit gives rise to an ordinary differential equation (ODE)

Here u; is the velocity field that defines the flow and is a vector field. One can build the density
estimator for all intermediate times ¢ p;(z) using its divergence,

t
Inpi(x¢) = Inpo(xo) — /0 V - ug(xs)ds, (41.34)

where pg at tg is the initial base distribution and p; at ¢ = 1 is the target distribution. Continuous
normalizing flows parametrize u; as a neural network. They are very expressive, but expensive to
train using maximum likelihood.

A different approach creating a deep generative model with a tractable likelihood is to model

p(z) autoregressively as
n

p(x) = [] p(xilzr, 2o, .., 2im1) - (41.35)
i=1

This form describes each new dimension conditionally on all previous dimensions. It can model a
general likelihood p(x) as a sequence of conditional 1d distributions, whose conditional dependence
on the parameters x1,T9,...,;_1 can be modeled with neural networks. If x is a time series this
form imposes a causal structure where x; depends on all previous times z;, j < 7. WaveNet [66] and
PixelCNN [67]) are two well known examples. Sampling from an autoregressive model is sequential,
and can be slow in high dimensions. Inverse autoregressive flow reverses this process and makes
sampling fast, but the likelihood evaluation is slow. Some normalizing flows have autoregressive
coupling layers, such as masked autoregressive flow (MAF) [63].

All of the methods above use maximum likelihood training of likelihood p(x) against network
parameters, so the training is to minimize KL divergence between the data distribution and a
Gaussian in latent space. This can be overly sensitive to small variance directions that dominate
the likelihood, without being sensitive to the global structure of the data. An alternative is to
use Optimal Transport Wasserstein distance between the density of the generated samples and the
data, which can be evaluated either in data space or in latent space. As Wasserstein distance is
difficult to evaluate in high dimensions, one can instead use slices, 1d projections of the data along
different directions in high dimensional space, to build the flow [68]. Because this training is less
sensitive to small variance directions than maximum likelihood training it achieves better results
on anomaly detection tasks [68].

We end by noting that normalizing flows, autoregressive models, and other deep generative
models that provide a tractable likelihood are powerful tools for simulation-based inference. They
can provide surrogate models trained from large simulated datasets when the simulators have
intractable likelihood functions, which is usually the case. As described in Sec. 41.6, one would like
to work with models that can provide conditional density estimation in order to model either the
likelihood p(x|6) or the posterior p(f|z) [69,70]. These techniques are being actively explored and
applied to a number of scientific problems.
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41.3.4.4 Flow-matching and diffusion models

In flow-matching models, we start from a base distribution such as a Gaussian py = N(0, I),
and use ODEs to generate samples with a flow vector field u? (z) as in Eq. 41.33. As discussed
above, continuous normalizing flows are expensive to train via maximum likelihood. Instead, one
can learn directly the velocity field parametrized as a neural network uf(z;) with parameters 6 via
the flow-matching loss

2
L =Botr0,1), amp |Uel@e) = uf(20)] (41.36)

where the expectation is uniform over time t and over all intermediate distributions p;. This
equation is however not practical since we do not know the target u;(z). Instead, one can take
advantage of the target conditional velocity field u;(x¢|z), where z ~ p is a training data sample

2
£ =Boey01), ampr, zop [e(w]2) = uf (21)] (41.37)

It has been shown that this conditional target velocity field training also leads to the correct
distribution in the flow models [45,48]. Figure 41.3, taken from Ref. [71], illustrates the main idea,
which is that training a conditional flow, and averaging over all the training data, is the same as
training on unconditional flow.

The advantage of this formulation is that conditional velocity fields are a lot simpler to construct.
A typical case is a flow from the initial Gaussian po(z|z) = N(0,I) to a delta function at z
p1(z|2) = 8.(x). A very simple linear flow that achieves this is p;(z|2) = N (tz, (1 —t)2I). The flow
itself moves from a random Gaussian variable e ~ N (0, I) to the data point z, so z; = €(1 —t) +tz.
Finally, the conditional velocity field is given by wu(z¢|z) = z — €, so the training loss is

2
£ = EtNU(O,l), 6NN(07[)7 zrop {Z — € — U?(G(l — t) + tZ)] . (4138)

This leads to a simple training algorithm where one randomly chooses a minibatch of data z,
random Gaussian variables €, and a time t to update the parameters 6 based on stochastic gradient
descent using the loss of Eq. 41.38. The simplicity and efficiency of this training procedure has
led flow matching to become one of the leading generative models for large image based data.
Sampling from flow-matching models requires randomly choosing an initial condition z¢ ~ N (0, 1)
and discretizing Eq. 41.33. Note that this is a deterministic ODE and all the randomness is in the
initial conditions.

Diffusion models also start from a Gaussian base distribution, but also continuously add noise
during the evolution in time, i.e., they are based on a stochastic differential equation (SDE)

2
To ~ po, dxy = uf(xt)dt + %st(xt) + ordWy, (41.39)

where we define score si(z;) = VInp(z;). Here, dW, is the stochastic term, which adds Brownian
motion (also called a Wiener process) in the form of uncorrelated Gaussian random noise. Note
that with oy = 0, a diffusion model becomes a flow model. The noise variance o, is a free parameter
that can be tuned for optimal performance. If our target is a static distribution so that p; = p then
u; = 0 and we obtain the Langevin equation.

In diffusion, we also need to learn the gradient field via the score function, and as before we
can replace the marginal score with conditional score during the training to obtain score matching
training procedure

2
E = }Et,\JU(O’l)7 xT~pt, 2P [V lnpt(x|z) — S?(.’,Ut)] . (4140)
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Figure 41.3: Illustration of the marginalization trick for flow-based models (left) and diffusion
models (right), which simulate a probability path with ODEs or SDEs, respectively (Holderrieth
and Erives, 2025). The data distribution p is the blue background, while the initial Gaussian
distribution is the red background. The top graphs represent conditional probability paths, while
the bottom graphs represent marginal probability paths. Both samples and trajectories are shown.

In the simple Gaussian example with p;(z;) = N (ayz, B21), where ag = 1 = 0 and a1 = By = 1,
we have a trajectory x; = azz + Br€, and the score loss

2
€
L =Eiu(0,1), e~N(0.1), 2~p [Bt + 5] (onz + ﬁt@} . (41.41)
It would appear that in diffusion, one must train both the flow and the score, but for simple
linear models the two can be related to one another, and one can choose the flow-matching or
score-matching training procedure. For the example in Eq. 41.39, the corresponding score-matching
training is

& . o? &
xo ~ po, dry= K@?a — BB + é se(xt) + P

One of the advantages of score- and flow-based methods is that one can reduce the architectural
restrictions imposed by normalizing flows or autoregressive models. Score- and flow-based training
avoid the normalization requirement. Score-based models learn gradients of log probability density
functions on a large number of noise-perturbed data distributions, and then generate samples by
Langevin-type sampling.

The generative models described in this subsection are called flow-based models [45], score-
based generative models [46], diffusion probabilistic models [47], or stochastic interpolants [48].
They have several advantages over other model families. They often outperform GAN-level sample
quality without adversarial training, and enable exact log-likelihood computation through their
connection to continuous-time flows, which can be represented as a probability flow ordinary dif-
ferential equation [47]. The main advantage is that the distribution p(z) can be specified solely by
its score or flow. This in turn enables more flexible model architectures than what can be used in
normalizing flows or autoregressive models.
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41.3.5 Anomaly detection and out-of-distribution detection

Unsupervised anomaly detection techniques detect anomalies in an unlabeled test data set under
the assumption that the majority of the in-distribution data are normal under some measure, while
out-of-distribution (OOD) data are not. In the context of autoencoders a popular technique is to
use the reconstruction error of Eq. 41.22 to identify an outlier as one with a large reconstruction
error [72-74]. One issue with this method is that for higher dimensional latent space and flexible
neural network architectures the encoder-decoder map become identity for any input data, f(x) =
x, regardless of whether input « is from the in-distribution training dataset or from the out-of-
distribution data. The choice of autoencoder latent space dimensionality is thus an important
hyperparameter that must be tuned.

Another set of anomaly detection techniques construct a model representing normal behavior
from a given in-distribution training dataset, and then evaluate the likelihood of a test instance
to be generated by the utilized model. For instance, one can use density estimation methods
such as normalizing flows (section 41.3.4.3) to learn the density (likelihood) of the in-distribution
training dataset p(x), and apply it to the test data. The expectation is that out-of-distribution data
will have a lower density (likelihood) under the in-distribution density model. This expectation
is however not always met in high dimensions and the method suffers because likelihood-based
training is sensitive to the smallest variance directions [75]. Low-variance directions may contain
little or no information on the global structure of the image, so there is a mismatch between the
training objective and outlier detection objective. Lower dimensional autoencoders with NF in the
latent space deal better with this issue [54].

A related issue is that of typicality: an in-distribution data sample likelihood will typically
be lower than the maximum value, so an out-of-distribution data sample that is closer to the
peak would have a higher likelihood. If this happens in low-variance directions that dominate
the likelihood, normalizing flows can assign higher likelihoods to out-of-distribution data than
to in-distribution training data [76]. A number of techniques have been proposed to circumvent
these limitations, such as likelihood regret [77], likelihood-ratio [75], likelihood in autoencoder
latent space [54], and Wasserstein distance training of the likelihood p(x) [68,78]. These meth-
ods can achieve better anomaly detection performance than the autoencoder reconstruction er-
ror [53,54,78]. However, even perfect density estimation cannot guarantee good anomaly detection
performance [79, 80].

Supervised anomaly detection techniques require a data set that has been labeled as in-distribution
and out-of-distribution and involves training a classifier (the key difference to many other statistical
classification problems is the inherent unbalanced nature of outlier detection). These methods as-
sume some form for what out-of-distribution data may look like, and their success relies on whether
the assumed form is a realistic representation of actual out-of-distribution data. When this assump-
tion is valid these methods can be more powerful than unsupervised methods, but the reverse is
also true. A hybrid between the two approaches is to train a classifier without labels [81]. All these
approaches are largely complementary to each other [82]. Examples of different anomaly detection
methods applied to HEP are the LHC Olympics 2020 and Dark Machines challenges [83,84].

41.4 Self-supervised learning

Self-supervised learning (SSL) also aims to distill useful features in the data without requiring
supervision labels for every sample in the input data. Self-supervised methods make use of large
unlabeled datasets to build meaningful representations. They can generally be categorized as
autoassociative, where the model is trained to reproduce or reconstruct its own (masked) input or
contrastive, where the model is trained to learn a mapping that is insensitive to different “views”
of the data. These methods are often used to build “foundation models” (FMs) discussed in
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Sec. 41.9.11, which are pre-trained using self-supervised learning and fine-tuned using supervised
learning for different downstream tasks. However, FMs are not the only possible use case.

A classic autoassociative task is masked language modeling popularized by the bidirectional en-
coder representations from transformers (BERT) model [85]. In this task, BERT ingests a sequence
of words, a fraction of which are randomly masked, and tries to predict the original words that have
been masked. For example, in the sentence “The Milky Way is a [MASK] galaxy,” BERT would
need to predict “spiral.” This helps BERT learn bidirectional context. A variant of this approach
is next token prediction, popularized by the generative pretrained transformer (GPT) [86]. A com-
mon theme in these methods is tokenization, in which elements of the input data are mapped to
discrete vectors, known as tokens. These approaches have been applied in the context of particle
jets [87-89], enabling the construction of backbone models that can be fine-tuned for different tasks
and provide improvements for small training samples.

Sensory data (e.g., 1D waveforms, 2D images, or 3D scenes) pose a significant challenge for
autoassociative tasks compared to symbolic data such as language, math, and high-level physical
concepts like jets and particles. For symbolic data, the masking unit is naturally defined (e.g.,
a word for language) and associated with a strong semantic meaning, which yields a well-defined
learning objective for mask-based self-supervision. On the contrary, sensory data captures raw
information and a unit of data (e.g. a single pixel in an image) does not carry meaningful information
alone. This challenge has resulted in in-depth R&D for self-supervision techniques in computer
vision. The masked autoencoder (MAE) laid the initial ground work [90]: the authors discovered
that a large fraction of masking (i.e., 75%) is crucial for successful training using an asymmetric
encoder-decoder architecture. Distillation with no labels (DINO) made another breakthrough by
introducing a self-distillation technique where a student and teacher model pair—the teacher model
typically being an exponential moving average of the student model—are forced to agree across
different augmentations (e.g., cropping, adding jitter, and rotating) of the same data instance [91,
92]. For effective representation learning of 3D geometrical shapes, multi-view projection matching
techniques [93-95] are promising and a strong promise and relevant to time projection chamber
(TPC) image data in high energy physics. Exploration of these specialized techniques in computer
vision has impacted HEP applications [96,97].

In contrastive learning, portions of the input data are paired together and the model is tasked
to find matching pairs. Pairs can be constructed based on different data modalities, such as text
and images, or based on data augmentations, that may be generic, such as adding noise, or domain-
specific, like symmetry transformations. For example, the contrastive language-image pre-training
(CLIP) [98] allows joint pretraining of a text encoder and an image encoder, such that a matching
image-text pair have image encoding vector z; and text encoding vector z; that span a small angle,
i.e., have a large cosine similarity

M = cosb;; , (41.43)

) = i
(2

with 6;; being the angle between the encoding vectors. This approach has been applied in astro-
physics [99].

Positive pairs may also be constructed by applying data augmentations. For example, in the
case of galaxy images, one may augment the data by performing image rotations, adding noise,
size scaling, or adding point spread function smoothing, all of which are realistic transformations
expected in a real galaxy image survey [100,101]. For particle jets, tailored augmentations may
include rotations about the jet axis, translations in the (7, ¢) plane, smearing the positions of the
soft jet constituents, and collinear splitting of the jet constituents [102-105]. Another augmentation
strategy is based on re-simulating the stochastic shower and detector interactions, thus generating
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Figure 41.4: Common architectures for self-supervised learning, in which the system learns to
assign a large scalar value to incompatible inputs, and a low scalar value to compatible inputs
(M. Assran, et al. in ICCV, 2023). Joint-embedding architectures (left) learn to output similar
embeddings for compatible inputs z,y and dissimilar embeddings for incompatible inputs. Gen-
erative architectures (center) learn to directly reconstruct a signal y from a compatible signal x,
using a decoder network that is conditioned on additional (possibly latent) variables z to facilitate
reconstruction. Joint-embedding predictive architectures (right) learn to predict the embeddings of
a signal y from a compatible signal x, using a predictor network that is conditioned on additional
(possibly latent) variables z to facilitate prediction.
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multiple physical realizations of a primary particle’s evolution [106,107].

A well-known approach for contrastive learning with augmentations is SimCLR [108]. In this
approach, the contrastive loss for a positive pair of an input and its augmentation (z;, z,) is defined
in terms of the cosine similarity of Eq. 41.43 as

L(z, z,.) = —1ln exp[c(zi, Z;)/T]
i 3 [exp[c(zi, z;)/7] + explc(zi, Z;) /Tﬂ

j#i€batch

, (41.44)

and the total loss is given by the sum over all positive pairs in the batch, Y ;cpatcn £(2i,2;). The
loss decreases when the distance between positive pairs decreases or when the distance between
negative pairs increases. The hyperparameter 7 is known as temperature and controls the relative
influence of positive and negative pairs. SimCLR has been applied in radio astronomy [109],
neutrino physics [110], and collider physics [102]. Another application of contrastive regularization
is self-distillation introduced in DINO discussed above. Self-distillation is a powerful technique that
can be applied regardless of the target task, and improves the quality of self-supervision for many
computer vision models for both image and point cloud data.

Finally, an alternative paradigm is the joint-embedding predictive architecture (JEPA) [111],
which learns meaningful representations by modeling missing or unseen embeddings directly in the
latent space without a decoder or full input reconstruction. The advantages of this approach are no
data augmentations are required and unnecessary details of the input can be ignored. This approach
has been applied to particle jets [112,113] and Square Kilometer Array (SKA) light cones [114].
A comparison between the different self-supervised learning approaches can be found in Fig. 41.4,
reproduced from Ref. [111].

41.5 Optimal control, reinforcement learning, and active learning

Many problems in science and engineering can be cast as a control problem, which comprises a
cost functional that is a function of state and some control variables that specify some underlying
dynamical system. This is relevant for the control of accelerators where the dynamical system is
physical. This formalism can also be used to describe the design of experiments, planning of an
observational survey, and other decision making processes relevant to the scientific method. It is
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closely connected to planning, dynamic programming, and reinforcement learning. Optimal control
generalizes the framing of learning presented in Sec. 41.2.1.

41.5.1 Optimal control

Optimal control theory deals with finding a control for a dynamical system over a period of time
such that the objective function is optimized. The underlying system can be discrete or continuous
and may be deterministic or stochastic. The commonalities and differences between optimal control
and reinforcement learning can be best understood through the formalism of a Markov decision
process (MDP), which is a discrete-time stochastic control process.

A Markov decision process comprises four components often organized as a 4-tuple (S, A, P,, R,),
where: S is a set of states called the state space, A is a set of actions called the action space,
P.(s,5") = Pr(s;41 = 8’ | s = s,a; = a) is the probability that action a in state s at time t will lead
to state s’ at time t+ 1, R4(s, ') is the immediate reward (or expected immediate reward) received
after transitioning from state s to state s, due to action a.

The policy function 7 is a mapping from state space to action space that can be either deter-
ministic or probabilistic. For examples, the policy that drives a computer chess playing system,
decides which move to make given the current state of the board. Similarly, policies dictate which
experiment should be built next, which field of the sky should be observed, or how to adjust the
operational parameters of an accelerator. The dynamics of the resulting system are then fixed by
combining the policy with the underlying MDP. The evolution of the resulting dynamical system
behaves like a Markov chain since the action chosen in state s is completely determined by 7(s)
and Pr(syy1 = 5 | st = s,a; = a) implies the Markov transition matrix Pr(s;.1 = s | s; = s).

The objective optimal control is to choose a policy 7 that will maximize a cumulative function
of the instantaneous rewards R,. A common choice is the expected discounted sum:

E [i ’that(Sty 3t+1)‘| ) (41.45)

t=0

where a; ~ m(s¢) are the actions given by the policy, the expectation computed with respect to the
distribution s;11 ~ Py, (s, St+1), and 7 is the discount factor satisfying 0 < ~ < 1. The discount
factor is usually close to 1 and sometimes reparameterized as v = 1/(1 + r), where r is called the
discount rate. A lower discount factor motivates the decision maker to favor taking actions early,
rather than postpone them indefinitely.

A policy that maximizes the objective function is called an optimal policy and denoted 7*,
though the optimal policy need not be unique. Importantly, the Markov property implies that the
optimal policy is only a function of the current state. Dynamic programming can be used to find
the optimal policy for MDPs with finite state and action spaces. For instance, in value iteration
(a.k.a. backward induction) can be used to solve the “Bellman equation” [115]. For continuous-time
systems, the optimal policy is defined by the Hamilton—Jacobi-Bellman equation [116].

In many settings, it is assumed that the state s is fully known when action is to be taken
and there are no latent variables. When this assumption is not true, the problem is called a par-
tially observable MDP. These problems are generally more difficult and the dynamic programming
algorithms do not directly apply [117].

41.5.2 Reinforcement learning

The main difference between the classical dynamic programming methods and reinforcement
learning (RL) algorithms is that the latter do not assume knowledge of an exact mathematical model
of the MDP and they target large MDPs where exact methods become infeasible. For example, RL
was used in the context of jet physics to search for the most likely jet clustering when the number
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of constituents was too large for the exact dynamic programming algorithm to be used [118]. In
addition, RL can be used when the probabilities or rewards are unknown. Instead, the transition
probabilities are often accessed indirectly through interaction with a real or simulated environment.

Numerous variations to RL exist, which include so-called model-based and model-free ap-
proaches (referring to models of the instantaneous rewards and the state transitions) and on-policy
and off-policy (which describes how the actions taken during learning are related to the current
policy). See Ref. [119] for an introduction and Ref. [120] for a recent review. Some examples of RL
use in particle physics are in Refs. [121-123].

41.5.3 Multi-arm bandits

Multi-arm bandit problems are a classic reinforcement learning problem where one tries to
maximize the expected gain by allocating a limited set of resources to various alternatives. The
name is a reference to a gambler with a fixed amount of money that must choose between multiple
slot machines (or “one-armed” bandits) when the payoff for the individual machines is unknown. A
hallmark of multi-arm bandit problems is that they involve a tradeoff between exploration (playing
machines to estimate their payoff) and exploitation (playing machines with the highest estimated
payoff). Multi-armed bandits are used to manage large projects, organizations, and scheduling
problems. The theory has a long history going back to Robbins in 1952 that used it to study
the sequential design of experiments [124] and Gittins who derived an optimal policy under some
conditions [125].

41.5.4 Bayesian optimization

A closely related set of techniques involve optimizing some expensive black box function f(x).
For instance, the function may be computationally expensive to evaluate or low-latency, e.g. it may
involve manually re-configuring a system. This is particularly relevant for analysis optimization
in particle physics where evaluating f(x) involves processing large numbers of simulated collisions.
Another common use case involves optimizing the hyperparameters of a learning algorithm.

Without any assumptions about the function f(z) this is hopeless; however, if one assumes
something about the functions (e.g. some notion of smoothness) then one can leverage function
evaluations evaluations { f(z¢)}+=1,. . 7 to say something about what value the function might take
on at other values of x. This is usually cast in Bayesian terms, and Gaussian processes (Section
41.8.2) are often used to model the distribution over f(z). The optimization techniques that use
this framing are generically referred to as Bayesian optimization [126].

Optimization in this context is usually characterized by an exploration-exploitation tradeoff,
similar to what is found in multi-arm bandits. Here, exploration refers to function evaluations
that characterize the function in regions that haven’t been evaluated, while exploitation refers to
evaluations near what is predicted to be its maximum. This setting is similar to reinforcement
learning in that it involves sequential decisions (i.e., where to evaluate the function next), but
usually the target function f(x) is assumed to be static. In that sense, the state referred to in
the language of an MDP is the state of knowledge about the function after sequential evaluations
{f(x¢)}t=1,.. 7. The reward at time ¢ is not the value of the function f(z;), but some quantity that
characterizes what was learned about the function’s maximum. In this literature, one often refers
to the acquisition function, which plays a similar role as the expected value of the reward in RL.
Common acquisition functions include the probability of improvement, the expected improvement,
and an upper-confidence bound [127].

41.5.5 Active learning

Active learning is closely related to Bayesian optimization, described above. In Bayesian opti-
mization one estimates the function f(z) from some set of evaluations {y; = f(x¢)}+=1,..7; however,
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the goal is to find the maximum z* = argmax, f(x). In active learning, the goal is not to find
the maximum of f(z), but to approximate the function as one does in supervised learning. The
main difference compared to vanilla supervised learning is that the labeled training dataset isn’t
provided a priori in a passive way, but the learning algorithm actively decides where to generate
(z¢,ye = f(z¢)) pairs. The function f(x) is sometimes referred to as an oracle. Active learning is
particularly attractive when obtaining labeled data is a costly process.

More broadly, a challenge of many machine learning applications is obtaining labeled data,
which can be a costly process. If a system could learn from small amounts of data, and choose by
itself what data it would like the user to label via an external process called oracle, it would make
machine learning more powerful. Such frameworks are also called experiment design or active
learning. In active learning, a model is trained on a small amount of data (the initial training
dataset), and an acquisition function (often based on the model’s uncertainty) decides on which
data points to ask for a label. The acquisition function selects one or more points from a pool of
unlabeled data points, with the pool points lying outside of the training dataset. Once we label
the selected data points, these are added to the training dataset, and a new model is trained on
the updated training dataset. This process is then repeated, with the training dataset increasing
in size over time. The advantage of such systems is that they often result in dramatic reductions
in the amount of labeling required to train an ML system (and therefore cost and time).

41.6 Simulation-based inference

The goal of simulation-based inference (related to, but distinct from, likelihood-free inference) is
to extend the statistical procedures described in the Chapter on Statistics (e.g. parameter estima-
tion, hypothesis tests, confidence intervals, and Bayesian posterior distributions) to the situation
where one does not know the explicit likelihood p(x|6), the probability of the data given the pa-
rameters 6, but has access to a simulator that defines the likelihood p(x|6) implicitly [128,129]. In
a typical setup we would like to solve the so called inverse problem of getting the posterior of the
parameters given the data, p(f|x), but we cannot use Bayes theorem directly because we do not
have explicit p(x|6).

In particle physics and cosmology, the simulators usually use Monte Carlo event generators (see
Sec. 43) to sample unobserved latent variables z, such as the z, phase space of the hard scattering
(see Sec. 49.4), z5 associated to showering and hadronization, z, associated to the interaction of
particles with the detector (see Sec. 34), or initial Gaussian modes of the universe realization. As
such, the full simulation chain can be expressed approximately as

plalt) = [ dep(o,216) = [ dza [ dz [ dzyplalzapzalz)pCzlz)p(z00) (41.46)

where 6 are the Lagrangian parameters that dictate the hard scattering. Evaluating the marginal
likelihood p(x|0) is intractable as it would require evaluating the integral above for each event.
While the marginal likelihood is intractable, simulators provide the ability to generate synthetic

data z; i p(x]@) for any value of the parameters 6. One can use a suitable proposal distribution

p(0), sample 6; Lig p(0), generate synthetic data x; ~ p(x|6;), and then assemble a training dataset
{z,0;}i=1,.n that can be used to train various machine learning models.

There is thus a close analogy between simulation-based inference and data driven machine
learning tasks discussed so far, replacing # with y. One difference is that in simulation-based
inference we can always generate new samples by running additional simulations, while we typically
view training dataset in machine learning as fixed. This property of simulation-based inference
enables active learning, where the additional simulations are chosen such as to minimize the error
on the desired statistical inference task. Another difference is that we often have access to the joint
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likelihood p(x, z|), where z are unobserved latent variables®.

Typically in particle physics, one uses histograms or kernel density estimation to model the
distribution of observables (low-dimensional summary statistics such as the invariant mass) of
simulated data [130]. Alternatively, one can use an explicit parametric family (such as a falling
exponential or a Gaussian distribution) to model f(z|f) ~ p(z]0). That model is then used as as
a surrogate for the unknown density implicitly defined by the simulator. A related approach is
known as approximate Bayesian computation (ABC), which approximates the likelihood through
an acceptance probability that synthetic data is sufficiently close to the observed data [131,132].
In practice, these techniques are limited to low-dimensional representations of the data. Thus
the potential of recent machine learning approaches to simulation-based inference is to extend
this approach to higher-dimensional data, while maintaining the already well-established statistical
procedures.

For instance, one can use normalizing flows (see Sec. 41.3.4.3) and the loss functions for density
estimation (see Sec. 41.3.3) to learn a surrogate model for the likelihood f(z|0) ~ p(z|0) [69].
Similarly, one can use conditional density estimation to learn a surrogate model for the posterior
f(8]z) =~ p(f|x), which may involve including the prior-to-proposal ratio p(6)/p(8) [70]. In addition
to the unsupervised learning techniques, one can also use supervised learning to learn the likelihood-
ratio r(x|6p, 01) = p(z|00)/p(x|01) by leveraging the likelihood-ratio trick of Eq. 41.13 [133,134].

In some cases one can also augment the training dataset to include the joint likelihood-ratio

7(4, 2il00, 01) = p(xi, 21l60) /P(2i, 2:]61) (41.47)

which can be used to reduce the variance for the squared-error or cross-entropy losses [134, 135].
While the marginal likelihood p(z|f) is intractable due to the high-dimensional integral over the
latent space, the joint likelihood is often tractable since no integration is necessary.

In some cases performing the marginal integral of Eq. 41.46 is tractable even for high dimen-
sional latent space z. One of the approaches to make it feasible in high dimensional latent space is to
make simulations differentiable with respect to all of its parameters, global variables 6 and latent
variables z. While differentiable simulations have not traditionally been developed for scientific
applications, the success of machine learning based on backpropagation combined with gradient
descent (see Sec. 41.9.1), has inspired a renewed interest. One example is FlowPM cosmological
N-body simulation, which takes advantage of Mesh-Tensorflow to achieve a GPU-accelerated, dis-
tributed, and differentiable simulation [136]. Availability of simulation gradients in turn enables
gradient based Monte Carlo Markov chain methods to perform high dimensional marginal integral
over the latent space z and over parameter space 6 [137].

Often SBI uses predetermined summary statistics, such as binned histograms in particle physics,
or power spectrum in cosmology, to avoid the curse of dimensionality. It is however possible to
train on uncompressed high dimensional data in cosmology by exploiting the symmetries [138]. Yet
another alternative is to train the network to search for the best possible summary statistic. The
summary statistic can then simply be é, which is the estimate of the parameters 6 that emerge
from a supervised training on simulations. In SBI these can often be biased even after training,
and one possible solution is to form a pseudo-likelihood to model the bias as a function of the true
value of 6 [139].

41.6.1 Latent space reconstruction and unfolding
While much of the work on simulation-based inference described above is aimed at inferring the
parameters 6 of the simulator, there is work that aims to infer the latent variables z. A common

3For this reason we prefer to use simulation-based inference instead of likelihood-free inference: joint likelihood
p(z, 2]0) is often available, it is the marginal integral over latent space z that is assumed to be intractable.
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approach in particle physics is to think of the parameters 6 as parameters of a theory, such as masses,
coupling constants, or Lagrangian parameters, while z might describe the kinematics of a collision
before the detector response. Inferring the distribution p(z|{z1,...,x,}) from a dataset of multiple
observations is commonly referred to as unfolding in particle physics, and deconvolution in other
contexts. Unfolding is a classic inverse problem, and the collection of ideas being used for machine-
learning based simulation-based inference are also being applied in this setting [140]. For example,
the OmniFold method [141] iteratively reweights a dataset in an unbinned way using machine
learning to produce a simultaneous measurement of many observables. In this method, samples
Z, from detector-level MC simulation are first corrected by a learned weighting function w(Z,) to
match data. Then, samples &), from particle-level MC simulation are corrected by another learned
weighting function v(Z),) to match the w(Z,)-weighted MC simulation. The method is iterated
multiple times, to achieve v(Z),)-weighted MC events whose event yields and kinematics match
those observed in data. The H1 [142] and ATLAS [143] Collaborations have used the OmniFold
method in experimental measurements. It has also been applied to T2K [144] and CMS [145] open
data.

In cosmology, a common task is to reconstruct initial density distribution of the dark matter,
or its final distribution, from data such as galaxy positions. This can then be used for various
downstream tasks such as cosmological parameter inference or making maps of dark matter in
our universe. High dimensional SBI can be used for this task [146]. An alternative is Bayesian
inverse problem inference using the forward model g(z, ), which can be an N-body simulation with
some simple galaxy formation model added to it [137,147,148]. Standard Bayesian methodology
using for example MCMC can be used to solve this task and find the posterior p(z,6|x), which
specifies initial distribution of dark matter. To draw samples of final dark matter distribution, and
of the reconstructed data, we can first draw samples from the posterior p(z, f|x), and then evaluate
forward model g(z, ) for each sample.

41.7 Data representations, inductive bias, and example applications

In Sec. 41.2 we describe the input data as living in an abstract space x; € X. In this section,
we briefly discuss some of the common types of structured data that are encountered in physics
and refer to the corresponding models classes that have been developed to work with them. We
elaborate on the model classes in more detail in the following section.

The most basic and common type of data structure is when X = R?. This is often referred to
as tabular data since the entire data set {xl}zzln can be thought of as a table with n rows and
d columns. It is common to think of an individual entry z; as a vector in d-dimensional Euclidean
space, where the coordinates correspond to the columns of this table. In some cases individual
components of x; might be integers or take on only discrete values, in which case describing the
space of the data as real-valued is a slight abuse of notation and representation. For many years
this was the dominant type of data in high energy physics as it is a natural input type for shallow
neural networks, multilayer perceptrons, support vector machines, and tree-based methods found
in popular tools such as TMVA [149].

For categorical data, one typically uses a numerical representation such as integer encoding
where different categories are mapped to integers with a corresponding dictionary. Another common
representation of categorical data is based on the so-called one-hot encoding (aka ‘one-of-K’ or
‘dummy’), in which case the category is mapped to a k-dimensional binary vector where k is the
number of categories and each component of this vector corresponds to a particular category. In
the one-hot encoding, only one of the components is non-zero. Finally, there are approaches in one
learns an embedding that maps discrete categories into R?; an example of this is Word2Vec [150].
Interestingly, such embeddings can preserve various types of semantics; for instance, the vector
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walking - walk is similar to the vector swimming - swam as are the vectors connecting countries
and their capital cities. This allows for a loose sense of algebra on the word embeddings such
as walking - swimming + swam = walk. Similar types of embeddings have also been used in a
number of scientific use-cases including biological sequences (e.g., DNA, RNA, and proteins) for
bioinformatics applications [151].

Particle physics data often is represented with an extension of the simple tabular data structure
where the number of columns is not fixed. For instance, if the rows correspond to data for individual
collisions, the number of electrons (and positrons) reconstructed in the event is variable. Thus the
number of columns needed to represent the energy, momentum, and charge of these particles is
also variable. A common solution to this problem is to fix a maximum number of particles and
then truncate and zero-pad to fit the data into a fixed tabular representation, though this is not
the natural representation of the data and it leads to a loss of information.

Sequential data is also commonly encountered in physics (e.g. in time series). Here an individ-
ual entry x; = (z},...,2%,... x;‘n) where t is index for the ordered sequence, T; is the length of the
sequence (which might be variable), and the data associated to each “time” ¢ € R?. This is similar
to the previous example where the energy, momentum, and charge of the tth electron in the ith
event would be x! and the electrons might be sorted according to their energy or transverse momen-
tum. Sequential data is also encountered in natural language processing, where z! correspond to
individual words in a sentence. Recurrent neural networks (see Sec. 41.8.4.5) are particularly well
suited to sequential data. Examples applications from the Living Review include Refs. [152-157].

Image-like data is one of the most dominant forms of data in industrial applications of deep
learning, is very relevant for astronomy and cosmology, and also appears in particle physics in
various forms. Image-like data typically involves d-dimensional features associated to a regular grid
or lattice that does not vary across the individual instances x;. The canonical example is a standard
image from a camera with W x H pixels where the pth pixel has data 2% € R3 corresponding to the
three channels in the RGB color model. It is important to recognize that the data corresponding
to the 2-dimensional image is not 2-dimensional; instead, it is (W x H X c¢)-dimensional, where c is
the number of channels. In astronomy, an image may be grey scale (¢ = 1) or there may be more
channels (¢ > 3) corresponding to different color filters. In other applications, the grid or lattice
might be 3- or 4-dimensional. For example, the data associated to a regularly segmented calorimeter
can be thought of as a 3-dimensional image and the data associated to a lattice simulation of a
classical or quantum system can be thought of as a 4-dimensional image. Convolutional neural
networks, described in Sec. 41.8.4.4, are particularly well suited to image-like data. KExample
applications from the Living Review include Refs. [153,158-180].

It is also possible that the data (or features) associated to one “pixel” or lattice site may itself
be structured. For example, the single read-out plane of a liquid argon time projection chamber
(LArTPC) may involve a 1-dimensional or 2-dimensional grid, but the data associated to each
“pixel” is itself a sequence or waveform. Example applications in neutrino physics from the Living
Review include Refs. [26,27,30,181-208]. Similarly, in lattice quantum chromodynamics, the data
associate to a particular site (or link) would be group valued (e.g. 2 € SU(3) as in Refs. [209,210]).

Both sequential and image-like data have a notion of temporal or spatial structure. While it is
possible to unroll an image into a (W x H X c¢)-dimensional vector, that would erase the spatial
structure and obfuscate the fact that nearby pixels are highly correlated. Similarly, one could
permute the time index for sequential data, but that would destroy the temporal structure of the
data. The complementary point of view is that the model class should also be aware of the structure
of the data. Recurrent and convolutional neural networks are good examples of inductive bias as
the models incorporate the structure of the data. In some cases this can be formalized in terms of
symmetry. For example, if we train model to classify images of cats and dogs, we would like it’s

1st December, 2025



31 41. Machine Learning

prediction to be invariant to where in the image the cat is. This type of translational invariance
can be enforced in the design of the model class.

While permuting the elements of a sequence destroys the temporal structure of a time series,
attaching a temporal index ¢ to a set of objects with features z! can also be problematic. If the
data corresponding to x; are really a set {z},... ,:UZTZ} (e.g., a point cloud), then we would like the
output of the model to be permutation invariant or permutation equivariant depending on if the
output is per-set or per-element, respectively. A standard sequential or convolutional model will
not generally be permutation invariant, but models such as deep sets, various types of graph neural
networks, and transformers can be made to enforce permutation symmetry. Example applications

from the Living Review include Refs. [172,211-222].

The temporal and spatial structure of sequences and image like data can also be generalized.
For instance, a 1-dimensional sequence can be generalized to a tree structured data like one finds
in the hierarchical clustering of jets or as in a directed-acyclic graph (DAG). Generalizations of
recurrent neural networks have been constructed that can operate over these more complex data
structures [223,224]. More generally, one can considered graph-structured data composed of nodes
and edges or multi-graphs that group together three nodes into faces or k£ nodes into k-edges. Graph
neural networks are a class of models that work with this type of data. The emerging subfield of
geometric deep learning aims to unify the notation, terminology, and theory that connect these
considerations of the structure of the data and the corresponding model architecture. Example
applications in the Living Review include Refs. [32,190, 197,200,201, 203, 225-250].

If the data are expected to have a symmetry associated to them but one is working with a
model class that does not enforce this symmetry, then data augmentation is a common procedure
used to improve generalization performance. Here one starts with an initial dataset {z;}i=1.. n
and produces an augmented dataset {:1;;},'/:1,.“’71/ through some data augmentation strategy. For
example, one might apply a random rotation R; to an image to produce z; = Ry (z;) if one assumes
rotational invariance in the underlying problem.

In some cases some of the individual features (components) of = are functions of other features.
For instance, one may include components of a four-vector (E,ps,py,p.) as well as redundant
information such as transverse momentum, azimuthal angles, rapidity, etc. In this case, the data
is restricted to a lower-dimensional surface embedded in X. Even if the features aren’t redundant,
statistically the data are often effectively restricted to a small subspace of statistically likely samples
and those that are exceedingly unlikely. For instance, the space of natural images is a small and
highly structured subspace of all possible images, which are dominated by what we would perceive
visually as noise. The term data manifold is used to describe this restricted subspace where the
data are to be found, even though it does not necessarily satisfy the formal requirements of a
manifold in the mathematical sense.

These considerations on the structure of the data not only apply not to the input data x; € X,
but also to the output data y; € ). For instance, one might want a sequence-to-sequence model
as in machine translation of written text [251] or to learn a function that takes sets as input and
produces graphs as output as in the Set2Graph mode [252]. One might also want the input and
output of the model to be different in representations of an underlying symmetry group and for
the model to enforce group-equivariance [209,210]. The development of the necessary modeling
components to enable practitioners to compose and train these types of models is a significant
development for the field of physics.
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Figure 41.5: Illustration of a maximum margin classifier for a linear support vector machine in
the separable case.

41.8 Flavors of ML models

41.8.1 Support vector machines

Support vector machines (SVMs) are a class of supervised learning models used for classification
and regression. The learning algorithm involves a convex optimization problem that has a unique
solution and can be solved with quadratic programming techniques. In this sense, they are robust
and easier to characterize than neural networks that involve non-convex optimization.

Linear support vector machines are used for binary classification, where X = R? and the target
labels are conventionally defined as ) = {—1,1}. The classification is simply based on which side
of a hyperplane the data lie. Any hyperplane can be written as the set of points x satisfying
wlz — b =0, where w,b € R% are the parameters of the model. The vector w is normal to the
hyperplane, but not necessarily normalized. The quantity ﬁ quantifies the offset of the hyperplane
from the origin along the normal vector w.

If the training dataset is linearly separable, then there is a region bounded by two parallel
hyperplanes, called the margin, that separate the two classes of data. The maximum margin
classifier is uniquely defined by making the distance between these two hyperplanes as large as
possible. The boundaries of the margin can be defined by w’z; —b = +1, and the width of the
margin is given by ”i—” Figure 41.5 illustrates this for z € R2.

Since the width of the margin is maximized when ||w]|| is minimized, we can state the goal
of the (hard) maximum-margin classifier in the linear separable case as the following constrained
optimization problem: Minimize ||w]||? subject to the constraint y;(w?z; —b) > 1fori=1,...,n.
The w and b that solve this problem uniquely determine the resulting classifier, §(x) = sgn(w’z—b).
This geometric description makes it clear that the maximum-margin hyperplane is completely
determined by those x; that lie nearest to it: the eponymous support vectors.

41.8.2 From Bayesian linear regression to kernel regression and Gaussian processes
As discussed in Sec. 41.2.2, linear regression is a specific case of regression where the solution
is parameterized as a linear combination of basis functions ¢(x),

fo(z) = wiop(z) = wTe, (41.48)
k

using a short-hand vector notation. If we aggregate all the basis functions of the training data into
@(r) and all z into X, and assuming a Gaussian noise model € ~ N (0,02), we can write the noise
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probability distribution as
p(y| X, w) = N(wTd, a21). (41.49)

In overparametrized models, this needs to be regularized, with explicit L2 norm of the weights,
as discussed in Sec. 41.2.5. If we view the process in the Bayesian context, we add a weight prior
p(w) = N (0, X,) to the data likelihood. With this one can define the posterior of the weights as

p(w] X, y) o p(y| X, w)p(w) = N(o, 2 A~ Dy, A7H), (41.50)

where A = 0, 2¢PT + Egl.
Our main task is not to predict the weights themselves, but to predict f* given some z*. In the
Bayesian view, one must model average over the weights,

p(f*le", X, y) Z/dwp(f*lx*,w)p(w\X,y):N(Uﬁzqﬁ(fr*)TA_l@y,¢(w*)TA_1¢(w*)), (41.51)

where we used p(f*|z*,w) = N(0,02). This can be rewritten as

p(f*z*, X, y) = N((Z)(:E*)TEPSP(K +02I)7 Yy, d(x")TE,0(2")) — p(a™) XpP(K + 021)—1¢T2p¢(x*))’
(41.52)

where K = @1 X,®. In general we call k(z,2') = ¢T(z)X,¢(2’) a kernel or covariance function

between x and /. The final expression for the regression mean and covariance has a form

f* =K, X)[K(X,X) + 0,1 'y, (41.53)
with covariance
cov(f*) = K(z*,2*) — K (2, X)[K(X, X) + 021 ' K (2%, X). (41.54)

One can see that the prediction takes the observed values y at the training data X, and predicts
the value at x* by incorporating the strength of their correlations via K(z*, X). In addition, the
prediction also suppresses the training points with a small inverse covariance, a generalization of
inverse noise weighting.

This expression simply rewrites the standard Bayesian regression, and the kernel is still defined
as an inner product of the regression basis functions ¢(x) with respect to X,. However, the kernel
can be replaced by any kernel form that describes the level of correlations between x and 2/,
a process known as the kernel trick. A general condition for the kernel to be valid is that the
covariance matrix is always invertible. In a Gaussian process the kernel is often stationary, defined
as k(z,2') = f(Jz — 2']). This and many other kernels cannot be related to a finite set of basis
functions ¢(z), which is why it is often stated that Gaussian process corresponds to an infinite basis
function expansion. Yet another form of the kernels are neural tangent kernels of neural networks
in the infinitely wide network limit [23].

Another path to Gaussian processes is via kernel regression, where one makes kernel regression
Bayesian [253]. Standard kernel regression, also called Nadaraya-Watson regression, is of the form
= >, k(x,z")y(z)/ >, k(x,z*), which can be interpreted as a soft version of the k-nearest
neighbors algorithm. Bayesian kernel regression in the form of a Gaussian process replaces kernel
sums with matrix operations, and is closer to linear regression than to the nearest neighbor methods.

One advantage of Gaussian process is that one can work with a family of kernel functions pa-
rameterized by some hyperparameters 1. One can then optimize the hyperparameters via gradient-
ascent on the marginal likelihood function. In contrast, hyperparameter tuning in other models

1st December, 2025



34 41. Machine Learning

typically requires a grid search or some other black-box optimization procedure evaluated on held
out data or some form of cross-validation.

While we only describe Gaussian process regression, there is a corresponding Gaussian process
classification. Rasmussen and Williams provides an excellent review of Gaussian processes [254].
Numerically, Gaussian process libraries are confronted with computing the inverse of the covari-
ance kernel, which scales like O(n3) in computational complexity. Gaussian processes are often
used as emulators or surrogate models, specially in the context of low dimensional input x and low
number of training data n to avoid the steep O(n3) scaling. They are used widely in cosmology,
and there are a growing number of applications in (astro-)particle physics [255]. Recent works
explore the design of physics-inspired kernels and use Gaussian processes to model the intensity
for a Poisson point process like those found in experimental particle physics and «-ray and X-ray
astronomy [256-258]. Gaussian processes are also extensively used in Bayesian optimization (Sec-
tion 41.5), because the uncertainty quantification that is automatically provided by the Gaussian
process enables exploration-exploitation strategies where to evaluate the function next.

41.8.3 Decision trees

Tree-based models Classification and regression trees (CART) typically partition the input
space into J disjoint regions X = X' U--- U X7 through a sequence of J — 1 binary splits based
on an individual components of z € X (e.g. x4 < 0.7) [259]. The model is piecewise constant and
assigns the value b; € Y to the jth terminal region A’ J. The model can be written

§(z) = fy(x) = ijl(x € &%y . (41.55)

J

The parameters ¢ of the model comprise the components index and thresholds for the successive
splittings and the coefficients b;.

Tree learning refers to the algorithm used to choosing the tree structure and determining the
predictions at leaf nodes. Optimization of the tree structure involves a difficult discrete optimiza-
tion since the change in the loss with respect to the tree structure is non-differentiable and it is
intractable to explore the combinatorially large space of possible trees with brute force. Therefore,
the discrete optimization component of tree learning typically involves some approximate algo-
rithm based on heuristics. In contrast, optimization of the b; for a given tree structure can exploit
gradient-based optimization algorithms.

Common approaches to building the decision tree start with a root node and grow with splits
based on individual attributes (components of x). These are referred to as top-down induction
strategies. There are various impurity heuristics used for choosing the best attribute to split on
such as the Gini index, cross-entropy and mis-classification error. Generally they aim to find a split
that will refine the the terminal nodes such that they have higher purity than the parent node.

Because most tree learning algorithms consider splits aligned with individual feature compo-
nents, there are some failure modes for tree-based models. However, tree-based models work
well with tabular data composed of a mix of continuous and discrete features. Tools such as
XGBoost [260] and Light GBM [261] are competitive on tabular data benchmarks like TabArena [262]
and are widely used in industry; the boosted decision trees (BDTs) implemented in
StatPatternRecognition [263] and TMVA [149] have been one of the most used techniques in par-
ticle physics [3].

Individual trees are often referred to as weak learners and they can be combined in various
ways described below. Regularization is also an important consideration with tree-based models as
one can always learn a tree that assigns exactly one training dataset point per terminal node and
memorize the training dataset exactly. One approach to this is called pre-pruning, which simply
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terminates the growing of the trees if the number of training samples reaching the terminal node
drops below some threshold, the purity of a terminal nodes is below some threshold, or if the
improvement in purity due to a proposed split is not above a threshold. Another regularization
approach is called post-pruning, which uses a validation data set that is disjoint from the training
dataset to probe generalization performance. In this approach, after initially growing a tree with the
training dataset, a sequence of pruned trees is considered where splits are removed based on some
heuristic. The tree in this sequence of pruned trees that minimizes the generalization error on the
validation set is chosen. Alternatively, in tools such as XGBoost there is an explicit regularization
term included in the loss function (see Eq. 41.62).

Ensemble methods The idea of ensemble methods is to combine multiple models into a more
performant one by exploiting the bias-variance tradeoff [264]. This is most commonly achieved
through averaging (e.g. bagging and random forests), which primarily reduces variance, or boosting
(e.g., AdaBoost and gradient boosting), which primarily reduces bias. Here, bias refers to the
difference between the Bayes optimal model and the average model produced by the learning
procedure with different training sets and variance quantifies how much the learned model varies
from one training set to another.

The motivation of boosting is to combine the outputs of many “weak” models to produce a
more expressive model. Compared to averaging techniques like bagging and random forests, the
model is built sequentially on modified versions of the data and the final predictions are combined
through a weighted sum

T
§(x) = Bidie(x) (41.56)

where ; expand the parameters of the model ¢.

Bagging The idea behind bagging (bootstrap aggregation) is to create T' bootstrap training
datasets Bi, ..., By drawn from the training dataset {x;, y;}i=1,...n, then learn a model g for each,
and finally construct an average model §(z) = (1/7) Y., J:(z). If one had T independent training
datasets each of size n, then the bias of the average model would be the same as the original model,
but the variance would be reduced by a factor of T. By using bootstrap resampling, the bias may
increase but the reduction in variance often dominates, which leads to improved performance.

Random forests Random forests refers to a type of “perturb and combine algorithm” that com-
bines bagging and random attribute subset selection. Again one builds trees ¢;(z) from bootstrap
training datasets By, but instead of choosing the best split among all attributes, one select the best
split among a random subset of k attributes. If k£ includes all attributes, then it is equivalent to
bagging.

AdaBoost In AdaBoost (adaptive boost) the sequence of trees 1, . . ., §r are trained with reweighted
versions of the original training dataset such that the weight of individual training sample is based
on the prediction error in the previous iteration [265]. This requires working with a loss function
that and learning procedure for the individual iterations that is amenable to weighted training
dataset {z;,yi, w;}i=1,. n. Incorporating the weights w; is straight forward when the risk is ex-
pressed as an expectation, since the emperical risk of Eq. 41.3 is just replaced with the weighted
average. Similarly, the heuristic for many of the tree-based learning algorithms (e.g. the Gini index)
also have natural generalizations with weighted events.
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In the context of classification, the weighted error of the model ;(x) is

_ Siw 1y # Geles)]

erry = (41.57)
2 wz(t)
Based on this weighted error, the coefficient 3; of the component ¢ (x) in Eq. 41.56 is given by
1—
B8, = log ( errt) . (41.58)
eITy

Then for the next iteration the weights of the misclassified events are updated as w1 = w® exp(fF)
and then renormalized so that the sum of all weights is 1. This reweighted dataset is then
used to train the next model §;41(z) and the entire procedure is initialized with uniform weights
w0 =1/n.

There is an analogous procedure for regression with the squared loss function based on the
residuals 7; = y; — §:(z;) (see for example Ref. [149] for details).

Gradient boosting One of the most powerful forms of tree based models, which is implemented
in the tool XGBoost is referred to as gradient boosting [266]. In this setup, the model is purely
additive as in the case of random forests, so the model is Eq. 41.56 with all 8; = 1. Note this is
without loss of generality since the 3; can be absorbed into the b; of Eq. 41.55. As with AdaBoost,
the model is built sequentially through the sequence 91, ..., 7.

At each iteration, a new term f; will be added to the sum in Eq. 41.56. For a given decision
tree defined by splits on attributes, one can approximate the objective function (the loss function
L plus a regularization term {2) as a function of b; in a second order Taylor series:

- _ 1
obj ) = YTIL (i, 9" V) + gifilws) + Shiff ()] + 2(f,) + constant (41.59)
=1
where
gi =000 Ly, ) (41.60)
and
hi = 0% Ly 50y (41.61)

In XGBoost, the regularization term is taken to be
1.,
Qf) =~J + §>\ij, (41.62)
j=1

where J is the number of terminal nodes in the tree. With the second-order approximation of the
objective, one can directly solve for the optimal b; for the next tree and the corresponding value of
the optimized objective function. The improvement in the objective function can then be used as
a heuristic for choosing the best split. Specifically, define G; =3, 1; 9i and H; =} ;¢ I h;, where
I; is the set of indices of data points assigned to the jth leaf. The heuristic used in XGBoost for
splitting a node is

1 G? G? Gr+ Gg)?

Gain = - L, CGr Gt Gr)f |

2 | Hp, + )\ Hp+ A\ H;+ Hrg+ X\
This formula can be interpreted as the score on the new left leaf plus the score on the new right
leaf minus the score on the original leaf minus a regularization penalty on the additional leaf. If
the gain from splitting a leaf is smaller than ~, then the total Gain is negative and the split will
not be added, which can be seen as implementing a form of pruning.

(41.63)
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41.8.4 Neural networks

In this section we focus on the different types of components used in modern neural network
architectures. Gradient-based optimization techniques are most commonly used for training neural
networks, and they are described in Sec. 41.9.1. Similarly, other important aspects to effectively
training neural network models such as parameter initialization and early stopping are discussed
in Sec. 41.9.

The vanishing and exploding gradient problem is a common challenge for gradient-based opti-
mization of neural networks and is described in Sec. 41.9.5. That problem is referred to repeatedly
in this section because it has motivated the development of numerous architectural components
described below.

41.8.4.1 Feed-forward multilayer perceptron

One of the core components in neural networks is the fully-connected, feedforward network
ormultilayer perceptron (MLP), which is composed of L layers: f = f(F) o... o f(U. The Ith layer
defines a function that maps a d;_i-dimensional input vector, called features, to an d;-dimensional
output f® : R%-1 — R%_ A unit producing an individual component of the d;-dimensional output
is called a neuron or a filter interchangeably. For | < L, the functions f; are called hidden layers,
and the number of neurons (d;) is referred to as the width of the hidden layers. The layers in an
MLP take on the form:

FOw) = O WOy 450 | (41.64)

where W e Ré*di-1 jg called the weight matriz, the components of the vector b() e R%
are referred to as the biases, u € R%-1 is the input from the previous layer, Wy denotes a
matrix-vector product, and o¥) is a non-linear activation function that is usually applied element-

wise. The parameters of the network comprise the full collection of weights and biases, ¢ =
(WO, W pM b)),

41.8.4.2 Activation functions

The activation functions ¢ in neural networks are nonlinear functions and key to the expressive-
ness of the resulting family of functions. Two traditionally used functions are the logistic or sigmoid
function o(z) = 1/(1+e~7") and hyperbolic tangent function tanh(x) = (e* —e™*)/(e*+e~*). These
functions are bounded to be (0,1) and (—1, 1) respectively, and are symmetric about the input value
of zero. On the other hand, away from the zero input value, a gradient of both functions quickly
vanishes and this poses a challenge in using gradient-based optimization method (see Sec. 41.9.1).
This can be avoided, to some extent, by normalizing the input values and carefully initializing the
values of W® and ). These are discussed in Sec. 41.9.7, 41.9.8 and 41.9.9. Yet, it becomes diffi-
cult to maintain a null input value for a deep neural network, a model with many layers. Instead,
a popular choice for a deep neural network is the rectified linear unit (ReLU):

ReLU(z) = {© H#>0 (41.65)
10 otherwise ‘

whose computational cost is small and ensures that the gradient does not vanish for z € (0, +00) [267,
268]. An alternative to preserve a non-zero gradient in negative input values are called leaky ReLU
and modifies the output to 0.01z for x € (—o0,0) [269]. Another variant, called parametric ReLU
(PReLU), turns the coefficient 0.01 into a variable that is optimized as a part of the model during
optimization [270].

The choice of activation functions depends on the model architecture and applications. As
described, while the use of ReLLU types are a typical choice for a deep neural network, a logistic

1st December, 2025



38 41. Machine Learning

function is a popular choice at the final layer for classification tasks. In the area of neural scene
representation, sinusoidal activation functions have been found to be surprisingly effective [271].

Recently, additional smooth loss functions have been found to work well with larger models,
such as the Gaussian-error linear unit (GELU) [272],

1 z
EL =—(1 fl— 41.
GELU(z) 2( +er (\@)) (41.66)
and swish function [273]
) B x
SWIShﬂ(f) = m, (4167)

which smoothly interpolates between a linear function (f = 0) and ReLU (5 = oo). In addition,
the value of § = 1 corresponds to the sigmoid-weighted linear unit (SiLU) [274].

Softmax A softmax function is often used to normalize elements of a discrete vector u, or to
interpret the output as a probability over a set of n discrete categories. Given a real-valued input
vector u € R™, the softmax function computes the output vector v € R™ the ¢th component is given
by:

L (41.68)

> exp(uy)
j=1

The result has the property that v; € (0,1) and > v; = 1. The components of the input vector u
are often referred to as logits in reference to their connection to the logistic function used in logistic
regression. The softmax function is commonly used as the last layer in multi-class classifier. The
softmax is also used in the context of attention (see Sec. 41.8.4.6).

41.8.4.3 Universal approzimation and deep learning

There are a number of universal approximation theorems in the theory of neural networks.
One of the first was that even with one hidden layer (L = 2), an MLP can approximate any
continuous function if the nonlinear activation function ¢ is not a polynomial and the width d; is
large enough [275]. However, it is often more efficient (in terms of the number of parameters) to
increase the depth of the network L [276].

Training a deep network (i.e. L > 2) that generalizes well can be difficult, requiring large training
datasets, many gradient updates, and suitable regularization. The introduction of large labeled
training sets, advances in computing (e.g. graphic processing units or GPUs which enabled orders
of magnitude acceleration in parallel computation including matrix multiplies [277]), development
of ReLlU, research progress in initialization and optimization algorithms for model parameters,
and regularization techniques like dropout [17] all played an important role in the rise of deep
learning [2,278]. Though the name deep learning was originally a reference to the depth L of
such networks, modern deep learning is characterized more by the composition of various types
of modules that are trained through gradient-based optimization. Below we introduce some other
common network architectures.

41.8.4.4 Convolutional neural networks

Convolutional neural networks (CNNs) are widely used for image-like data. They implement
the convolution of the input image u and a filter W (also referred to as a kernel). The parameters
of the filter are learnable and the convolution involves traversing over input and calculating the
inner product of the filter W with the part of the input in the receptive field, which has the same
spatial shape as the filter and is centered at the target pixel. At each location—indexed by ¢ and
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Figure 41.6: A pictorial description of a kernel convolution over four input pixels. It takes a
product of the weight matrix (kernel) and the local input matrix centered at a target pixel. The
operation is repeated over the input image using the same kernel. The size of the output image
depends on the size of the kernel, stride, and padding. In this figure, the kernel size of 3, stride of
1, and padding of 0 is used.

j below—there is a pixel that may have a vector of features associated with it. In the context
of CNNs, these components of these features—indexed by ¢ and ¢ below—are often referred to
as channels in reference to the red, green, and blue color channels in a traditional image. The
convolution operation is often denoted with a *, and the result can be expressed as

ve(f) = (W xue)(j) = Z We e (Due (45 —17) (41.69)

where “j — i” is shorthand for the pixel index corresponding to the translation from pixel j to .
By repeating the operation over all pixels, the result of a kernel convolution is also an image as
illustrated in Fig. 41.6. Note that the the number of channels in the output v does not need to be
the same as in the input, and the collection of filters W,  is often referred to as a filter bank. The
entire image for a fixed channel index is often referred to as a feature map.

A key feature of the CNN architecture is that it is equivariant to translations, meaning that
if the input image is shifted (e.g., u(i) — «'(i) = u(i — k)), then the output is also shifted by the
same amount (e.g., v(j) — v'(j) = v(j — k)). This equivariance property is a natural consequence
of using convolutions. A fully connected MLP would not generally have this symmetry; however,
it is enlightening to imagine transferring the computation performed by a CNN to the weights and
biases of a fully connected MLP, which would result in duplicating the weights of the filters multiple
times. In this view, the CNN can be interpreted as a fully connected MLP with shared weights,
which would maintain the equivariance property. This view is helpful for gaining intuition about
the inductive bias of models and makes clear that a CNN is a subset of the fully connected MLPs
that satisfy the translation equivariance property.

One may wonder how CNNs identify features with a spatial size larger than a typical kernel
size. One mechanism for this is by stacking multiple convolutional layers, e.g., the composition of
two 3x3 kernels will lead to an effective 5x5 kernel in terms of the receptive field. In addition, a
typical CNN architecture uses pooling (described below), which effectively downsamples the image
so that it can be processed at different resolutions. The effective receptive field in the input image
may be much larger than the kernel size in this case. An alternative approach is to use an inception
module, which is designed to extract features simultaneously using kernels of different size [279].

Pooling Pooling plays an important role in convolutional neural networks both practically and
in terms of their mathematical properties. A pooling operation is a type of aggregation or down-
sampling that takes many pixels as input and produce one pixel for output. Typically, the pooling
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Figure 41.7: An example CNN architecture to extract a 1-dimensional array of features from an
image via succession of convolution layers and pooling operations. The (square) kernel, stride, and
padding size of a convolution operation are 3, 1, and 1 in respective order. The pooling operation
uses a square kernel size of 2. The number of filters at the first convolution layer is 6, and is
increased by a factor of 2 at subsequent convolution layers.

operation is applied independently for each channel or feature component. The most popular pool-
ing operations are maz and average pooling. Max pooling picks the highest activation pixel value
within the specified receptive field, while the average pooling computes the average pixel value in
the receptive field. The idea of pooling generalizes to other architectures, including graph neural
networks where the receptive field includes the neighbors of a particular node in the graph (see
Sec. 41.8.4.7). Pooling can make the model robust to small, local deformations in the input, a
property called geometric stability [280—282]. This type of local deformation is important and dis-
tinct from the equivariance to rigid translations provided by the convolutional structure. Repeated
pooling operations that eventually lead to a single feature vector with no spatial index is what gives
rise to the invariance of common CNN architectures to translations (i.e., an image with a dog will
be labeled ‘dog’ regardless of where the dog is in the image).

CNN architectures for image analysis A typical CNN for extracting a 1-dimensional array
of features is designed with repeating blocks of convolution layers and pooling operations [283].
Figure 41.7 shows an example evolution of a data tensor through the succession of convolution and
pooling operations to extract a 1-dimensional array of features, which then can be fed into a block
of MLP for an image classification (or a regression) task. This type of architecture is referred to as
an encoder or feature extractor.

The reduction in the spatial size of an image is performed slowly, typically by a factor of 2, which
is the minimum possible reduction factor. After the reduction of the spatial extent, the number of
channels is typically increased (also by a factor of 2 in most cases), converging one set of feature
maps into a larger number of downsampled feature maps. There may be more than one convolution
layer within each spatial resolution (i.e., between the grouping operations). Following these design
principles, CNN encoders typically become deep, consisting of dozens or sometimes hundreds of
convolution layers, and face challenges of vanishing gradient problem (see Sec. 41.9.5). A standard
practice to mitigate this issue is to explicitly normalize the input tensor input in each convolution
layer using algorithms such as batch normalization. This will be discussed in Sec. 41.9.9.

There are three main categories of computer vision tasks where CNNs are often used:

e image classification or regression requires a prediction of single value for the whole image
(i.e., a category or target value),
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Figure 41.8: CNN classifier for identifying highly boosted W bosons at ATLAS.

e object detection produces a list location information, typically as a rectangular shaped bound-
ing box, for detecting arbitrary number of objects in the input image, and

o semantic segmentation brings a classification task down at the pixel-level (or regression al-
though less common) to identify the class or a feature of every pixel in an image.

As discussed previously, a CNN feature extractor followed by MLP is often used for image classifi-
cation and regression tasks in wide range of applications including particle physics. Many successful
CNN architectures for object detection and semantic segmentation applications share key designs
which we briefly discuss below.

Region convolutional neural network (R-CNN) is one of the most successful design for object
detection [284]. R-CNN has been explored in HEP experiments where the number and location
of signal (e.g., neutrino interactions) are not known apriori in large image data such as neutrino
detectors [3,25,187]. R-CNN consists of multiple CNNs. The first is a feature extractor which
produces a spatially compressed feature tensor. For every pixel in the compressed tensor, the second
CNN applies 1x1 convolution to predict two information: an object score to inspect whether or
not there is a target object in the (spatially compressed) pixel, and prediction of the location and
size of a rectangular, axis-aligned bounding box that contains the object (if exists). This second
CNN is called the region proposal network (RPN), and the bounding box is called the region of
interest (ROI). For each ROI with an object score above threshold (hyperparameter), the third CNN
operates in the corresponding sub-field of an already-compressed tensor (i.e. by the first CNN) to
perform a classification for an object inside the ROI. This approach can produce multiple ROIs for
the same object with a high overlap. Those predictions are reduced using non-maximum suppression
(NMS) algorithm which computes the intersection-over-union (IoU) to combine overlapping ROIs
that are likely detecting the same object.

Residual networks and skip connections

The expressivity of a neural network increases as more hidden layers are added, but gradient-
based optimization of deep models can be notoriously difficult due to vanishing gradients (see
Sec. 41.9.5). One powerful technique to address this challenge is a residual network (ResNet), which
is a modular architecture design that can be applied to neural network models [285]. Suppose a
f(x) as the target transformation to be learned by a few stacked layers where z is the input to the
first layer. The authors of ResNet hypothesized that it may be easier for a model to learn a residual
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Figure 41.9: Two types of skip connections: the top is from ResNet where the input is element-wise
added to the output tensor of a block of convolution layers while the bottom shows a concatenation
of the input to the output tensor as employed in other models including U-Net and DenseNet.

transformation f(z) = f(z) — z, thus the objective to learn is f(z) + = where f(x) denotes the
output of stacked layers. This form assumes f (z) and x share the same tensor dimension and size.
If they differ in the feature dimension, equivalently the count of channels in an image tensor, one
could use 1x1 convolutions to transform and match the dimension. Adding the input tensor z to
the output of a convolution operation f (z) in ResNet is a form of skip connection. For a residual
block that outputs y = f (z) 4+ z, the backpropagated gradient to the input z becomes

oL oL of
%_aiy. <I+&c>’ (41.70)

meaning it sums an identity path with the gradient through the residual branch, helping prevent
vanishing gradients. ResNet authors demonstrated performance improvement at depths exceeding
1000 layers where the non-residual counterpart could not improve beyond a few dozen layers. The
ResNet design is widely used in many CNN architectures as it is modular, i.e., a residual block, and
can be applied per a stack of convolution layers (e.g., U-ResNet introduced for LArTPC detectors
uses ResNet modules within a U-Net architecture [26,184]).

U-Net is one of the of most successful models used for semantic segmentation [286]. Since the
output of U-Net is also an image, it is more interpretable compared to models for image-level
classification or regression. The model is used widely in HEP experiments in both 2D and 3D
image data [26,27,184,194,196]. The architecture of U-Net consists of a CNN encoder and decoder.
A decoder consists of convolution and transposed convolution layers (also called deconvolution).
The operation of a transposed convolution can be seen as the opposite of a convolution: for every
input pixel, its value is multiplied by the kernel and copied to the output. In contrast to a regular
convolution layer that reduces input pixels via the kernel, a transposed convolution layer broadcasts
input pixels via the kernel, producing an output that is larger than the input. In the decoder of
U-Net, transposed convolution layers are used to upsample spatially compressed feature tensors
back to the original image resolution. Standard convolution layers are placed between upsampling
operations. Features for every output pixel can be used for either a classification or a regression
task. The idea behind encoder-decoder architecture is to extract features in the encoder, and
the decoder interpolates those features back to the original spatial resolution. The downsampling
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Figure 41.10: Pictorial description of a RNN (on the left) which takes an input and produces
an output at every step with a hidden-to-hidden connection. The right diagram is unrolled over
discrete steps. The yellow box represents a cell: a set of operations unique to each architecture.

operation (e.g., max pooling) in the encoder is, however, a lossy process where spatial information
is permanently lost. This is a major obstacle to achieve a high precision semantic segmentation
task. The U-Net architecture overcomes this challenge by concatenating intermediate tensors in
the encoder block with the tensors of the corresponding spatial size in the decoder block. This is
a type of a skip connection discussed previously, which dramatically improves the performance of
semantic segmentation.

41.8.4.5 Recurrent neural networks

Recurrent neural networks (RNNs) [287] are a family of neural networks designed for sequential

data (e.g., time series). Consider sequential data where x; represents each step in a sequence with
€ [1,n]. A typical RNN takes the following form:

ht = gh(ht_l,.flit,@) (4171)

where h; and 6 denote the hidden state of the system and parameters of g, the RNN model. The
term recurrent refers the nature of the model operating on the previous state of the system (and
hence the whole history). RNNs operate on three types of tasks:

o One-to-many takes a single input and generates a sequence (e.g. generates a sequence data,
such as a sentence or waveform, given a category).

o Many-to-one takes a sequence and generates an output (e.g. sequence-labeling).

e Many-to-many takes a sequence and generates a sequence where the length of input and
output sequence may be same (e.g. classification of individual element in a sequence) or
different (e.g. sequence to sequence mapping).

Figure 41.10 shows an example for a many-to-many task, where {z;}i—1.n, {yt }1=1:n, and {h¢}1=0:n
denote the inputs, outputs, and hidden states respectively. A set of operations at each time step is
called a cell. A simple RNN cell may look like:

ht = gh(WZIIt + Vht_l + b)
Yt = go<Uht)

where W € R%xdi |V ¢ RInxdn ] ¢ R%*dn are matrices g, and g, represent functions. d;, dj,
and d, are the dimension of input, hidden state, and output. b € R% is a bias term. An example
application is sequence-labeling where the goal is for y; to classify each input z; in the sequence.
In that case, one might use g, = tanh and g, = softmax and use a loss function that averages

(41.72)

classification accuracy over the sequence.

1st December, 2025



44 41. Machine Learning

Bi-directional RNN RNN Encoder-Decoder

Figure 41.11: Bidirectional RNN (left) provides contexts in the preceding and subsequent parts of
the input sequence. RNN encoder-decoder (right) can generate an output with a different sequence
length from an input. Each cell in the decoder may take a previously generated element, starting
from a special marker that signals the beginning of the sequence (BoS) and ending when the end
of sequence is generated.

Variations in RNN architectures result from the design of cells (described below) and flow of
information across the cells. For instance, a bidirectional RNN (Figure 41.11 left) employs two
set of RNNs, one processing the sequence in the forward direction and the other in the backward
direction, and the hidden states from both directions are then combined to capture the context
from both parts of the sequence. An RNN encoder-decoder (Figure 41.11 right) use one RNN
to generate a context vector that encodes the whole input sequence, and use a separate RNN to
generate another sequence from the encoded context. This can be used for machine translation.

LSTM and GRU An RNN applies the same functions g5, and g, in Eq. 41.72 repeatedly for
each element of the sequence. This repeated component is similar to the shared weights for a
convolutional filter in a CNN.

A hyperbolic tangent (tanh) is traditionally a popular choice for gy, as it regulates the magnitude

of the hidden states and prevents it from diverging. Yet, this simple model is challenging to train
for a long sequence of data [288,289]. This is partially due to the fact that tanh contributes to the
vanishing gradient problem and because repeated multiplication of the same weight matrices (i.e.
V and W in Eq. 41.72) can lead to gradients that can either explode or vanish (see Sec. 41.9.5).
Additionally, the way the signal accumulates means that changes early in the sequence have different
impact from changes late in the sequence.
Long short-term memory (LSTM) [290] is a model designed to address the issue of vanishing gradient
for RNNs. In this model, a context is introduced as a way to enable the model to hold long-term
memory while the hidden states remain to hold short-term memory. The context c¢; and hidden
state h; at step ¢ are computed as follows:

fi

N

o (Wf:vt + VI + bf)
(=5 QWO g (Wiat Vit )

hi = oy @ G op =0 (Wi + V°hi_q1 +b°)
¢ = tanh (W€ + VEhy_1 + 0°)

(41.73)
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Figure 41.12: LSTM (left) and GRU (right) are both gated neural network designed to address
a vanishing gradient problem for RNNs.

where o and (O denote logistic function and an element-wise (i.e., Hadamard) product and f;, i,
and o; are referred to as gates. Each gate outputs a value between 0 and 1, and is associated with
unique weights, W and V, and a bias b. One can see ¢; is a combination of the previous context
vector ¢;—1 and a new context vector ¢;. The forget gate f; controls which and how much of the past
context should be kept or forgotten. The input gate i; controls how much of the present context
¢; should propagate to the current state ¢;. The output gate o; controls which and how much of
the context vector should represent the present hidden state h;. From Figure 41.12, one can see
that the context vector ¢; evolves with a gated addition operation. As such, it can be seen as an
uninterrupted path for gradients to flow. This is similar to a residual connection (see ResNet in
Sec. 41.8.4.4), which enabled training of CNNs with thousands of layers.

Another gated model to solve a vanishing gradient problem is the gated recurrent unit (GRU) [251].
The GRU is similar to the LSTM with a few simplifications: the GRU merges the context vector
and the hidden states and combines three gates into two. As a result, it requires less computational
resources while retaining a similar level of performance for long sequences. The GRU operations
are defined as follows:

e =0 (er‘t + VTh,t_l + br)
he = 2z @ hi—1+ (1 — zt)ﬁt where 2zt =0 Wz + VZhioy + %) (41.74)
Bt = tanh (Whmt +Vvh (rt @ ht,l) + bh)

where r; and z; are referred to as reset and update gate. As one can see in Figure 41.10, the
reset gate in GRU performs the same task as the forget gate in LSTM by removing or reducing
the elements of its memory (i.e. the hidden state). The update gate z; determines the relative
proportion of the previous hidden state h;_; and the new context i to be mixed in producing the
new hidden state.

In addition to sequential data, the LSTM and GRU units can be used for data that has a
tree-like structure. In this setting, the networks are often referred to as recursive neural networks
or TreeRNN and they have found applications in natural language processing and jet physics [223,
224,291-293].
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Figure 41.13: An illustration of the attention mechanism from Olah and Carter, “Attention and
Augmented Recurrent Neural Networks.” Lower boxes labeled A represent input elements in the
sequence and upper boxes labeled B indicate output elements. The left-most line originating from
the first B corresponds to the state s;_1 in the text.
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41.8.4.6 Attention and transformers

The idea behind attention is to form a representation for the input, but different parts of the
input are weighted differently according to the task at hand. By making the weights learnable, the
network can learn to attend to the relevant parts of the input. For the i¢th task, one can form a
task-specific context ¢; by computing the weighted average of the hidden state representations h;
for each component of the input. A softmax function is used to produce attention scores oy; for the
jth input and ith task because it assigns a positive value to each component of the input and sums
to one, }_; a;; = 1. Putting these ingredients together, we have the additive attention mechanism

n
ci=) aijh;  where  ay = softmax(5;) (41.75)
i J
Jj=1

where softmax; indicates that normalizing sum runs over the index j and the logits ;; can be
computed from a neural network. In the case of a cell of an RNN encoder-decoder network (see
Fig. 41.11) that is decoding element ¢ with an incoming input state s;_1, the logits for the attention
mechanism can be computed as

ﬁz‘j = U tanh (Wsi_l + Whj + bi) , (41.76)

where U, W, and W are the weights and b is the bias term of the model. Figure 41.13 from
Ref. [294] illustrates the full attention mechanism. This idea was first implemented by a model
called RNNSearch that made a breakthrough in machine translation by combining a bidirectional
RNN with an additive attention mechanism [295].

The values a;; can be used to visualize the influence of the jth input element on the ith output
element, which improves interpretability of the model [294] as shown in Fig. 41.14.

In additive attention (Eq. 41.75), the hidden representations h;, also called values, are combined
through a weighted average based on the coefficients «;;, resulting in a task-specific context vector
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¢;. These values are often arranged in a matrix labeled V' € R"™*%  where the m rows of the matrix

correspond to individual hidden state vectors of length d,. The «;; can also be represented as a
n X m matrix « resulting from applying the softmax function to the n x m matrix 3, normalized
independently for each row. With this notation, Eq. 41.75 could be rewritten as ¢ = softmax(5)V/,
where the softmax is normalized per row.

One powerful and widely used variant of the attention mechanism is scaled dot-product attention.
In scaled dot-product attention, instead of using an neural network to compute the logits 8 as in
Eq. 41.76, the logits are computed by forming a dot product between an incoming query and key.
The set of n query vectors can be arranged into the matrix Q € R™*? and the set of d key vectors can
be arranged into the matrix (transpose) KT € R¥™. One can interpret the keys as trying to detect
certain types of queries and routing the attention to the relevant value. Typically, the dot-product
is scaled by a factor of 1/v/d. The resulting task-dependent context is ¢; = softmax;(g; - kj/Vd)v;.
A common, though confusing, notation is simply

.
¢ = Attention (@, K, V) = softmax (Qfa ) Vv, (41.77)

where c is a n X d,, matrix organizing the n context vectors of length d, that are tailored summaries
of the input vector for each of the n tasks.

The transformer architecture is a powerful encoder-decoder model based on the scaled-dot
product attention mechanism. It was originally designed for sequential data and subsequently used
in other areas of research including computer vision. One advantage of scaled-dot product attention
is that computing the attention weights does not involve any sequential processing. This allows the
models to better leverage the parallelism of the hardware to train more expressive models faster
than before. In place of the gated units of an RNN that are key to avoiding the vanishing gradient
problem, the transformer architecture employs a residual connections at every attention module
(i.e., the input tensor is added to the output as in Fig. 41.9).

The second major ingredient in the transformer architecture is multi-head attention. A multi-
head attention module executes multiple scaled dot-product attention modules in parallel. The
query @, key K, and value V matrices in each scaled dot-product attention module are obtained
by applying linear transformations (with learnable weights) to the common @, K, and V input
matrices. Each of them can be considered a different (albeit related) perspective from which to
derive attention.

For a sequence-to-sequence mapping task, the output of encoder is used to derive key K and
value V matrices for the multi-head attention module in the decoder. The decoder is then respon-
sible for mapping between the key-value features derived from the input (the encoder) and the
queries from the decoder (which is still executed sequentially) in order to produce the final decoded
output.

Finally, we note that the transformer architecture does not just employ an attention mechanism
in the decoder. By employing attention in the encoder as well the model has more capacity to
“interpret” the input—a concept referred to as self-attention. Transformer models have contributed
to breakthroughs in many areas of scientific and industrial research [296]. While transformers are
very powerful, they also require a larger number of training samples due to the weaker inductive
bias than other models.

41.8.4.7 Graph networks and geometric deep learning

Graphs are a powerful archetype for representing structure data. A graph consists of nodes
as elements and edges between between them. Graphs are sufficiently flexible to describe many
types of structured data including images and sequences. Graph-based neural networks can also
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Figure 41.14: Visualization of the attention weights in a sequence-to-sequence problem from Olah
and Carter, “Attention and Augmented Recurrent Neural Networks.” The thickness of the lines is
proportional to the attention weights «;;.

be seen as a generalization of many common types of machine learning models such as recurrent
and convolutional neural networks [282]. The term geometric deep learning refers to this recent
formulation that focuses largely on the symmetries of the data.

An earlier attempt to organize the variations on different flavors of graph-based neural networks
can be found in Ref. [297]. In their formalism, a graph network may be represented as G(u,V, E)
where u represents an array of global features, V' = {v;};—1.nv represents a set of NV nodes with v;
as features for the ith node (e.g. such as RGB channels if a node represents a pixel in image data),
and F = {(eg, Tk, Sk) }x=1.nN¢ represents a set of N¢ edges with ey, as features for the kth edge. An
edge may be (bi)directional where r; and s, denotes the destination and origin nodes respectively.
The features of a graph may evolve with three update functions ¢ and three aggregate functions p:

= (0 Ve Vo) €l = (D) where B = {(e] i8¢} emigmtne
vé = ¢"(e;, vi, 1) e = PEQU(E/) where E' = UiE£ = {(eﬁg, Ths Sk) Hh=1:N¢ (41.78)
u' = ¢"(€, v, u) vi=p"7(V) where V' ={vi}ic1.nv

where €/, v/, and u’ denote the updated node, edge, and graph features. In Graph Networks,
three types of information are updated in the following order. The first step is ¢¢ to update every
edge. The second step updates every node: for ith node, compute p~" to aggregate updated
attributes from the edges with r; = ¢ then compute ¢" to update the node attributes. The third
step updates the graph attributes through ¢“ which takes the original state u, aggregated node
and edge attributes by p'~"% and p“ " respectively.

Graph neural networks [298] (GNNs) are the class of neural networks that work on graph-
structured data. A related data format in computer vision and physics is the point cloud, which
is an unordered set of points (i.e., a graph with no edges). Operations on point cloud need to
be permutation invariant (e.g. min, max, 4+, -), and analysis of 3-dimensional physical object
represented by point cloud need to be rotation and translation invariant as in the case for an
image. PointNet [299, 300], a GNN that performs an object classification on point cloud of 3-
dimensional positions, treats each point as a node, applies MLPs as ¢ to update node features,
and global max-pooling operation as p*~*. There is no explicit edge definition in PointNet (though
the model applies affine transformation to all points using spatial transformer network [301], which
could be considered as a separate graph operation, to introduce rotation and translation invariance
and to capture topological features). Deep sets [302] follow the same manner except ¢" takes
the global entities u. This is same for PointNet when performing point cloud segmentation: ¢"
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takes a step of simply concatenating u to node entities to combine a local and global features.
Dynamic graph CNN [303] is a variant that (re)define edges dynamically using attention mechanism:
P aggregates k neighbor nodes where the inter-node distance is defined as a Cartesian distance
in the feature space. ¢ remains a MLP and, while edges are defined, there is no associated
entity. A similar technique is used in nonlocal neural network [304] to efficiently propagate local
feature information to points that may be far in the 3D cartesian coordinate. Message-passing
neural network [305] (MPNN) explicitly defines a feature vector as edge entities. In MPNN, p®~"
performs element-wise sum of features and feed into ¢¢, explicitly passing features across nodes
as the name suggests. While these are representative models that are frequently used in particle
physics applications [30,190, 201,211,212, 226,252, 306-308, 308], it is only a tiny fraction of GNN
models developed over the past decade.

Graph-based models are particularly interesting for science applications because they offer a
natural way to organize the entities in the data and encode how those components interact each
other. This particular type of inductive bias is referred to as relational inductive bias in Ref. [298].
Graph edges may be intrinsically defined in the data (e.g., when representing a social network) or
not (e.g., a point cloud). In the latter case, the graph structure must be chosen. A naive approach
may be defining a fully-connected graph. However, for applications on hundreds of thousands of
nodes (e.g., high resolution 3D point cloud), this may require a prohibitive amount of memory
and computation. On the other hand, if the graph is too sparse, it may negatively impact the
performance. One may need to compare the model performance among differently constructed
graphs and balance against computational burden. Ideally, the graph would be based on some
knowledge of the interactions, but in the absence of such knowledge, popular graph construction
methods include fully-connected, k-nearest neighbors, a Delaunay graph, minimum spanning tree,
and locality-sensitive hashing [309].

Classification and regression tasks for graphs can be formulated such that the prediction is made
for the entire graph or its individual nodes or edges. Graph-level prediction is like classifying an
entire image, while node-level prediction is like semantic segmentation where individual pixels are
classified. For clustering of points, GNNs can approximate a transformation function for nodes into
the latent space where an optimal clustering of points can be performed. For instance, Ref. [310]
proposes the object condensation approach to extract particle information from a graph of detector
measurements as well as grouping of the measurements. The model predicts the properties of a
smaller number of particles than there are measurements, in essence reducing the graph without
explicit assumptions on the number of targeted particles. Certain nodes are chosen to be the
“condensation” point of a particle, to which the target properties are attached. A special loss
function mimics attractive and repulsive electromagnetic potentials to ensure nodes belonging to
the same particle are close in the latent space. Alternatively, one can formulate clustering as
an edge classification task [29-32]. See Ref. [311] for a comprehensive review on particle physics
applications.

41.8.5 Model design with physics inductive bias

Designing neural networks that respect the structure of particle physics can materially improve
sample efficiency, robustness to systematics, and physical interpretability. Rather than relying on
generic inductive biases (e.g., translation equivariance in image CNNs), particle-physics—informed
models hard-wire symmetries, conservation laws, and kinematics into the architecture or loss. This
reduces the hypothesis space to functions that are a priori plausible, which is particularly valuable
when training data is scarce, for extrapolation outside the training distribution, and for tasks where
trust and uncertainty quantification matter as much as raw accuracy.

Exploitation of symmetry groups and hence equivariance is arguably one of the most important
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forms of physics-informed approaches. At the constituent level, events and jets are sets of particles,
so permutation symmetry is fundamental. Deep sets and graph neural networks implement this by
aggregating over particles with symmetric operations [211]. Beyond permutation symmetry, Lorentz
symmetry is the natural arena for high energy physics experiments. Networks can be built from
Lorentz scalars and tensors or by representing features as four-vectors and ensuring intermediate
outputs transform equivariantly under boosts and rotations [312-318]. Gauge symmetry offers
another avenue where symmetry-aware design pays off. In lattice gauge theory, gauge-equivariant
networks ensures locality and exact invariance under gauge transformations [209, 319-322].

While these models explicitly integrate laws of physics into mathematical operations and model
architecture designs, it is also possible to implicitly enforce physics constraints through a loss def-
inition and model optimization method. For instance, physics-informed neural networks (PINNs)
introduce regularization terms that force predicted physics quantities to follow laws of physics
in the form of partial differentiable equations (e.g., acceleration as the time derivative of veloc-
ity) [323,324]. Variants of PINNs incorporate differentiable physics models as a part of a model
architectures [325]. Finally, it is also possible to introduce physics constraints in an optimization
process. For example, for a machine learning model for data reconstruction, an output of the
model may go through a forward physics simulator that infers the original input to the recon-
struction model. By minimizing the difference between the original input and the inferred one,
the reconstruction model is forced to learn a solution that is consistent with the forward physics
model [326].

41.9 Learning algorithms
41.9.1 Gradient-based optimization

Given a parameterized model f(z,0) and a loss function £(x, ), where x and 6 denotes data
and model parameters, one way to optimize 6 is to first apply an appropriate initialization, 6;—¢
(e.g. Sec. 41.9.7 for neural networks), and perform an iterative update:

Gt = Ht—l - )\V@ﬁ(l’, 9), (4179)

where A is a small, real valued hyperparameter called learning rate. To see how this works, define
060 = 0; — 6,1 and consider §(VgL(zx,6)):

6 (VoL(x,0)) = 60 -VoL(x,0) = —\VoLl(x,0) (41.80)

which would monotonically decrease the loss function, and locally move the parameter values in
the desired direction of loss function minimization. This algorithm is called gradient descent (GD).
We note that A\ needs to be sufficiently small for the approximation to hold. When A is too large,
this can be a cause of a gradient explosion discussed in Sec. 41.9.7.

41.9.2 Stochastic gradient descent

Stochastic gradient descent (SGD) follows GD but replaces the exact gradient term VoL(z,6)
with a stochastic approximation, where we subsample the data in the loss function using /N samples,
where N < n,

1 N
VoEp) L ~ N ; VoLli, (41.81)

where L£; is the loss function for data sample i. It should be noted that N needs to be randomly
and independently sampled for the approximation to hold. Implementation of SGD follows three
steps: take new samples of size N, approximate the gradient, then update the parameters 6.

In the case of optimizing the loss using a static database (i.e. one cannot take new N samples for
every update), mini-batch learning is often employed. This replaces the first step with a randomly
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sampled batch of data, which is a subset of all the samples in the database. In this case, however,
since a batch of data used for each parameter update is not entirely independent, a model may
overfit. In practice, a part of the whole dataset is reserved as a wvalidation sample, and the model
performance is carefully monitored during the optimization process to avoid overfitting via an early
stopping criterion (see Sec. 41.9.6 and Fig. 41.15).

SGD with slowly decreasing learning rate can be shown to converge to a local minimum almost
surely under mild conditions, and to a global minimum for unimodal loss functions. SGD may
also prevent getting stuck in shallow local minima of the loss function, thereby reaching a better
local minimum for multi-modal loss functions. The noise in SGD with a constant learning rate
can be viewed as a form of Langevin dynamics, which under proper conditions on the learning rate
and mini-batch size converges to the stationary posterior distribution of the weights [327]. Thus
SGD at a constant learning rate can be viewed as a sampler bouncing around and exploring the
posterior surface for better solutions, descending onto the best found solution as the learning rate
is decreased, a process related to temperature annealing in global optimization.

Another advantage of SGD is simply the computational cost: rather than evaluating the loss
over all the data samples at each update, we use a small subset of data instead at each update.
Furthermore, mini-batching can take advantage of vectorization libraries and GPU architectures.
Large batch training requires specialized methods of training, such as layer-wise adaptive rate

scaling (LARS) [328].

41.9.3 Optimization algorithms

GD and SGD are the basic building blocks for more advanced optimization algorithms. One
can improve the convergence rate of gradient based optimization by considering the learning rate
A to depend on individual 6;. Second order algorithms such as Newton’s method take into account
second order derivatives (Hessian) to find the minimum, and give an exact solution in a single
update when the loss is quadratic around the peak. However, this requires a matrix inversion
of the Hessian, which is exceedingly expensive in ML applications, where the number of network
parameters is very large. As a consequence, second order optimization is rarely used in ML.

There are several improvements to the basic SGD even in the absence of Hessian information.
Momentum based optimization takes a physics perspective of a viscous fluid in an external potential,
where one updates current velocity with the potential gradient (force), followed by an update in
position based on velocity. This approach therefore uses previous gradients in addition to the
current one to compute a running average of the gradient, with a forgetting factor that controls
how far back the averaging goes. This helps move faster towards the minimum in ravines, where
gradient descent is usually inefficient due to the high condition number of the Hessian.

Beyond SGD with momentum, modern optimizers adapt step sizes across parameters or layers
using recent gradient statistics and decouple regularization from the update. RMSprop tracks a
running RMS of gradients and scales steps inversely to damp oscillations. Adam adds momentum
(first moment) and variance (second moment) estimates to provide per-parameter adaptive updates.
AdamW [329] improves Adam [330] by decoupling weight decay from the adaptive step, applying
true L2 regularization directly to weights, which typically yields better generalization and has
become a common default in vision and language models. For very large-batch regimes, layer-wise
trust-ratio methods such as LARS (Layer-wise Adaptive Rate Scaling) [328] and LAMB (Layer-wise
Adaptive Moments optimizer for Batch training) [331] scale each layer’s effective learning rate by
the ratio of parameter norm to gradient norm, enabling stable training with batch sizes of tens of
thousands. More recently, Lion [332] uses the sign of the momentum update instead of a second-
moment estimate, reducing memory and often improving speed and generalization; it can also be
combined with decoupled weight decay. In practice, these optimizers are paired with warmup,
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cosine or exponential decay schedules, and sometimes gradient clipping; the best choice depends
on model size, data regime, and whether you prioritize fast convergence, large-batch scalability, or
final generalization.

41.9.4 Automatic differentiation and backpropagation
In practice, f(z,0) might take a complex form and may include a large set of parameters.
The term VoL = VoL(f(x,0)) requires computing partial derivatives with respect to individual
parameter 6;. If f is a composite model (i.e. f = fuo(fn—1(--+,0n-1),0,)), and if all of f;.q, are
differentiable, a chain rule can be applied:
OL(f(x,0)) 0L  Oxy, 0x;

Vol = 06; T Oz, On_i  00; (4182)

where x,, denotes the output of nth composite function f,. In order to compute Vy, L for f;, it
needs computation of a gradient at all preceding (or subsequent if seen in the forward context)
functions. As the gradients accumulate across differentiable functions in the reverse order of the
model composition, this technique is called backpropagation [287]. An example of f that satisfies
conditions to apply backpropagation is a neural network, which consists of repeating blocks of a
(differentiable) activation function and an affine transformation.

When the model f(z,0) is implemented as a computer program in practice, automatic differen-
tiation (AD), also called algorithmic differentiation, is used to compute the derivatives. AD exploits
the fact that any computer program consists of a sequence of elementary arithmetic operations (i.e.,
addition, subtraction, multiplication, and division) and functions (e.g., log, exp, sin, and cos) and
apply chain rules to compute the target derivative. AD has advantages over traditional approaches
including symbolic and numerical differentiation. The symbolic differentiation faces a serious dif-
ficulty of converting a program into a single expression, and the numerical differentiation suffers
from round-off errors. Finally, both methods scale poorly in speed of computation for calculating
partial derivatives with a large number of inputs. AD delivers much faster speed and does not
suffer from increasing errors for calculating higher derivatives.

There are two modes of AD: the forward and backward mode. Consider a composite func-
tion f(z,0) = fu(fn-1(--- fi(x,01)---),0,-1),6,). The forward mode applies the chain rule in the
same order of the forward evaluation of f by computing 0 f; /0x first, then 0 f2/0 f1, and continue to
Ofn/0fn—1. The backward mode traverses the reverse direction: starting from the last (outer-most)
function 9f,, /0 fn—1, next dfn—1/0fn—2, and continue to df;/0x. Therefore, the backpropagation
of gradients can be implemented using the backward AD, in which the target variable to be differ-
entiated is fixed and the derivative is computed with respect to each sub-expression recursively as
shown in Eq. 41.82. The forward mode is simpler to implement as the order of gradient calculation
follows the order of composite functions to be executed. The reverse mode typically requires less
amount of computation than the forward mode, but more memory is required to store intermediate
function output values to calculate derivatives efficiently. Another consideration is the mapping of
dimensionality f : R¥ — R’ as it concerns the number of variables to sweep from each end. The
forward mode is efficient when k£ < ¢ while the reverse mode takes an advantage if ¢ < k. For
instance, in the case of an image classification where (k,¢) = (pixel count, 1), the reverse AD is
more efficient.

Development of a differentiable physics simulator is an active area of research and AD-enabled
programming frameworks are at the core of those research work. AD-enabled simulator can be
used to solve an inverse problem of inferring the physics model parameters (e.g. calibration) or
the input (i.e. reconstruction) [333,334]. A fully differentiable physics simulator often requires,
however, a custom algorithm to approximate gradients to handle cases where gradient calculation
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is not straightforward (e.g. due to stochastic processes) [335]. Beyond AD, a specifically designed
neural network that ensures accurate gradient calculation is also frequently used, sometimes in
combination with AD-enabled framework [326,336].

41.9.5 The vanishing and exploding gradient problems

Gradient based optimization crucially depends on the size of gradient with respect to each
model parameter. If the magnitude of gradient is too large with respect to the distance to an
optimal parameter value, it may repeatedly overshoot the target and cause an oscillation preventing
convergence. If the gradient is too small, it may take an impractically long time to converge. As
shown in Eq. 41.82, the gradient of ith function f; is a product of gradients from the subsequent
functions. If those gradients are too large or too small, the magnitude can can either increase or
decrease exponentially in the number of layers. These are called exploding and vanishing gradient
problem respectively.

Modern deep neural networks consist with many composite functions (i.e., layers) and are
particularly prone to this effect. Let us consider a simple RNN. From Eq. 41.72, we can write the
backpropagating gradient:

Ohy
Ohi—1

= diagonal (f' (Waz¢ + Vhi_1 +b1)) W (41.83)

where f’ denotes the derivative of an activation function. The gradient of the contribution to the
loss £; from the ith element in the sequence with respect to the jth hidden state h; is therefore:
oL;  OL;

= Vi di 1(f (W Vhi_1 + bl 41.84
on; ~on,” 11 diaeonal (F/ (Wt Vi +01) (11.84)

where we can see that V' contributes multiplicatively with ¢ — j powers when ¢ — 5 > 1. This
example is explored in depth for recurrent models [288,289] but is common for all types of deep
neural networks.

In practice, one may explicitly inspect the magnitude of gradients propagating across layers to
ensure an effective optimization. One way to mitigate an exploding gradient is to set the maximum
gradient value dpax as a model hyperparameter and clip any larger gradients & where it appears in
the backpropagation:

§= ﬁ‘éif”éﬂ > Smax- (41.85)
This is called gradient clipping [289).

Alternatively, there are many architecture designs that are motivated by the vanishing and
exploding gradient problem or which aim to help propagate gradients across many layers. These
considerations drove the design of gated models like the LSTM and GRU for sequential data and also
motivated the ReLU non-linearity. Other example architectural designs or components motivated
by these considerations include identity mapping and skip connections used in ResNet, U-Net, and
DenseNet, which allow gradients to flow across many layers.

Other factors contributing to vanishing and exploding gradient include initialization of model
parameters and normalization of input data. These factors contribute in keeping the magnitude
of activation, which also concerns the magnitude of gradient, within a reasonable range. A rec-
ommended practice for a gradient-based optimization of a neural network is to maintain the input
values centered around zero and a similar level of covariance across the inputs (and the outputs
that are the inputs to the next layer) [337]. These factors are discussed in the following.
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Figure 41.15: An example instance of overfitting. The training loss (vertical axis) shown in blue
decreasing over iterations (horizontal axis) while the loss values evaluated on test samples shown
in orange start to increase at around 26,000 iterations as indicated by the vertical line.

41.9.6 FEarly stopping

Early stopping is a form of regularization used to avoid overfitting when an iterative method,
such as gradient descent, is used as a learning algorithm. Imagine a plot of the training loss and
test loss as a function of iterations (i.e. parameter updates). As learning proceeds, the training
loss will generally decrease. However, the test loss will often decrease initially and then start to
increase, which is the classic sign of overfitting as shown in Fig. 41.15. The basic idea of early
stopping is simply to stop training before overfitting takes place. In some approaches to early
stopping theoretical analysis of the learning problem provides a prescription for when to stop the
training [338]; however, the most straight forward approaches use a held-out validation dataset to
monitor the generalization performance [339].

41.9.7 Initialization of model parameters

An improper initialization can slow down the optimization process or even result in a loss of
convergence. While b is typically initialized to zero, W) values need to be stochastic to avoid
identical updates during optimization. One way is to sample WO from a zero-centered Gaussian
distribution with a small variance (e.g. 0.01) [340]. However, this method does not guarantee the
same variance in the input to each layer, which depends on the size of the input layer, and makes
it difficult to train a deep neural network [283]. The Glorot or Xavier initialization takes this into
account and sets the variance of a Gaussian distribution to be 02 =1/ d=1) assuming a symmetric
activation function around zero, such as a logistic function or hyperbolic tangent [341]. The He
initialization uses the variance o2 = 0.5/d(l*1), and is a simple extension of Xavier initialization
for leaky, parametric, and standard ReLU activation [270].

41.9.8 Input normalization
Input data to a neural network is often pre-processed for the same goals discussed previously:
values are shifted to have the mean of zero and scaled to keep a similar covariance across features.
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Furthermore, a data may be transformed using techniques including PCA and whitening (sphering)
to keep input features independent and uncorrelated from each other [337].

41.9.9 Batch normalization

Even with careful normalization of the input data and initialization of model parameters, the
mean and covariance of the data representations in hidden layers will evolve during training and may
pose challenges for learning for downstream layers. This is called an internal covariate shift [342]
and may cause negative effects to an optimization process. Accordingly, techniques to explicitly
normalize features in between hidden layers are often employed for a deep neural network. One of
them is batch normalization (BN), which shifts and scales the input to a hidden layer:

+ 8 (41.86)

where v and @® refer to the raw and normalized input to the Ith layer, up and op represent
the mean and mean-squared-error of u") calculated using a batch of input data used to update
the network parameters. v and 8 are part of model parameters that are updated during the
optimization. After optimization is complete, these parameters are fixed for model evaluation
during production. € is a small, fixed constant value to ensure numerical stability. While it is
popular (especially in computer vision), a downside of BN is its dependency on the batch size.
In situations where the batch size is limited to be a small number (e.g., memory limitation for a
large data or a model), the performance using BN could degrade since 5 and v values may not be
generalized for the dataset during training.

There are several variants to batch normalization with considerations on how to group a subset
of values in u!. For instance, an image naturally has three groupings: a set of pixels across spatial
axis, features within one pixel (i.e., image channels), alongside with a grouping across multiple
images (i.e., batch). Different groupings have been studied and found and some are found effective
to particular type of applications: layer normalization groups values along the channel and spatial
dimensions [343], instance normalization groups along the spatial dimension but not along the batch
nor channel [344], and group normalization is similar to layer normalization but forms multiple sub-
groups of channels [345]. These variants do not apply normalization across samples within a batch,
and thus are agnostic to the batch size.

41.9.10 Transfer learning: pre-training and fine-tuning

Transfer learning is a technique to improve performance and accelerate optimization process
by reusing a pre-trained machine learning model for a new task. The two tasks and corresponding
datasets may differ, but fundamental features, such as implicitly learned symmetries in the under-
lying data, may be reusable across tasks and datasets. Transfer learning typically takes two steps:
the first is to alter the model or data if necessary, then continue updating some or all of the model
parameters on the new data or task, fine-tuning the model. The first step is required, for example,
when solving a different task that requires a different architecture (e.g., regression vs. classifica-
tion), or when input data format requires a change (e.g., original model trained on three channel
image, such as RGB images, while new data has a single channel). Transfer learning has been widely
practiced in the field of computer vision where large, labeled data sets are available [346-349]: a
CNN trained for classifying images of an animal can be largely reused for object detection, or even
for analyzing image data in science (e.g., particle trajectories recorded by an imaging detector). It
is a critical aspect for the development of general Al as well as interdisciplinary sharing of models
across research fields.

While transformers were initially introduced for machine translation, later models such as
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GPT [86,350] and BERT [85] showed that these models can be generalized to multiple NLP tasks
through transfer learning by pre-training for several seemingly different tasks, including sentence
classification, semantic similarity, question answering, and commonsense reasoning [350]. These
models are collectively referred to as large language models (LLMs) and some have been fine-tuned
for physics domains [351, 352].

41.9.11 Foundation models

A key to successful transfer learning is an effective pre-training process through which general
(and thus re-usable) representations are learned by a model. When a large, comprehensive dataset
within a certain domain is combined with an effective representation learning method, typically
using self-supervision or multi-task supervision, which forces a model to learn foundational concepts,
the resulting model may potentially be generalized for any task defined in the data domain. Such
AT models are referred to as foundation models (FMs), which are a central theme of general Al
research today [353]. The LLMs such as GPTs are the first and the most successful FMs to date.
The core of LLM pre-training is based on self-supervised learning (see Sec. 41.4), where, e.g., a
model is tasked to predict the next or missing word in a sentence. To solve this task, a model must
learn not only grammar or parts of speech but also a concept of visual colors and the probability
distribution over possible colors an apple can take. Using the vast online corpus as a training data,
LLMs are trained to learn foundational representations of the world interpreted and generated by
humans in the form of texts.

The critical properties of FMs include the emergence, homogenization, and scalability [353).
Emergence means the system behavior is implicitly induced rather than explicitly constructed (e.g.,
a model’s capability to generalize through self-supervised pre-training). Homogenization implies
a single model or a system that can perform multiple tasks. Scalability is improvement in model
performance when increasing the computing resources, number of model parameters, and size of
training dataset. These properties are also used to evaluate the quality of FMs. Following the
initial success of LLMs, R&D of FMs has expanded to computer vision and audio data domains.

Many modern FMs combine multiple data modalities (e.g., image generation from text input,
audio generation from text and image input) [98, 354, 355]. Multi-modal FMs are trained to cor-
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Figure 41.16: Schematic of a foundation model based on HEP data. Data is used to pre-train a
large model, which can then be fine-tuned (or adapted) to various downstream tasks.
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relate features from different data modalities either during a pre-training or fine-tuning stage. For
example, the CLIP model achieves this by minimizing the distance between extracted features from
an image and its corresponding caption (text) data [98]. It should be noted, however, pre-training
FMs on sensory data (e.g., 1D waveforms, 2D images, or 3D scenes) is more difficult compared to
symbolic data (e.g., language, math, or high-level physics data) as discussed in Sec. 41.4.

HEP datasets present unique R&D opportunities to advance understanding of FMs. Particles
in high energy collisions follow well-established physics models and can be learned by FMs sim-
ilar to words in natural language [87,88]. Large public datasets of galaxies recorded in multiple
modalities (e.g., images and spectroscopy data) enable a contrastive learning approach based on
CLIP [99]. Similarly, a high-fidelity simulator in HEP can be used to formulate contrastive learning
objectives across different scenarios in a stochastic process [106]. Finally, HEP detectors offer big,
high-precision data sets with challenging tasks to extract complicated physics information [96]. A
schematic of a foundation model based on HEP data is shown in Fig. 41.16.

41.10 Incorporating uncertainty

A fundamental aspect of data analysis is the quantification of uncertainty. This broad topic
includes the traditional distinction between statistical and systematic uncertainty, procedures for
propagation of errors, and the incorporation of uncertainty in to the statistical models (e.g. with
nuisance parameters) that are used in Bayesian or frequentist statistical procedures (see Sec. 40).
Accounting for systematic uncertainty can be seen as a requirement, but ideally systematic uncer-
tainties are also taken into account in the design of the analysis so as to mitigate their effect. The
introduction of machine learning into the analysis pipeline requires revisiting the techniques used
for uncertainty quantification and exposes many fundamental issues that have nothing to do with
the use of machine learning per se. See Ref. [356] for a recent review on this topic.

In machine learning research and industrial settings, the mismatch between the data distribution
Ptrain (T, y) used for training and the data distribution pproq(z,y) that the model will be applied
to in production is referred to as covariate shift or domain shift. For example, one might train a
classifier to identify cats and dogs with images from a well lit studio and then apply the classifier
on images taken in doors with poor lighting conditions and a scratched lens. Not surprisingly, the
mis-classification rate of the classifier will be different between the two settings.

Physicists are keenly aware that the simulations that we use to describe the data are not perfect,
and this mismodeling corresponds to a large fraction of the of systematic uncertainties accounted
for in published works. Since simulated data is often used to train machine learning models (i.e.
Ptrain (T, 7)), it is important to understand and account for how this mismodeling will influence
results when applied to real data (i.e. pproda(z,y)).

One of the primary approaches to incorporating this type of uncertainty is to introduce nuisance
parameters v corresponding to the uncertain inputs to the simulation. One then parametrizes
various types of perturbations (e.g., corrections to efficiencies or energy scales) in the hopes that the
resulting family of distributions p(z|y, v) is flexible enough to encompass the true data distribution
for class y. In this approach one does not have just two “domains” for the data (i.e., pain and
Pprod ), but a continuous family of domains parameterized by the nuisance parameters v.

With this framing in mind, there are several approaches to incorporating uncertainty into an
analysis that includes ML-based components:

o propagation of errors: one works with a model f(x) and simply characterizes how un-
certainty in the data distribution propagate through the function to the down-stream task
irrespective of how it was trained.

o domain adaptation: one incorporates knowledge of the distribution for domains (or the
parameterized family of distributions p(z|y,r) ) into the training procedure so that the per-
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formance of f(x) for the down-stream task is robust or insensitive to the uncertainty in v.

o parameterized models: instead of learning a single function of the data f(z), one learns
a family of functions f(z;v) that is explicitly parameterized in terms of nuisance parameters
and then accounts for the dependence on the nuisance parameters in the down-stream task.

o data augmentation: one trains a model f(x) in the usual way using training dataset from
multiple domains by sampling from some distribution over v.

In this setting it is best to consider the trained model f(x) or f(z;v) to be a fixed function
and decouple the variability associated to training or the choice of architecture. The fact that
one could have chosen a different architecture or learning algorithm should be treated in the same
way as other choices that are made in the data analysis pipeline. While it is reasonable to want
downstream inference and decisions to be robust to these choices, they are of a different nature than
the uncertainty in the modeling of the data distribution. We return to this point in Sections 41.10.5
and 41.10.6.

41.10.1 Propagation of errors

In this Section, we consider the common scenario in which one has used some machine learning
technique to train a model f(x) for classification or regression and wants to assess the sensitivity
of the output of f(x) to uncertainty in the input x. We regard the function f(x) as fixed and we
are not concerned with how the model was trained.

Propagating uncertainty through a ML-based model f(x) is not fundamentally different than
for any other function, and one can use the standard propagation of errors formula of Sec. 39.2.1.
As always, it is important to recognize the limitations of the propagation of errors formula, which
is accurate when the uncertainty on z is Gaussian and the function f(z) is approximately linear
within the region set by the uncertainty on x.

Similarly, classifiers are often used for particle identification or event selection. In that case,
one is primarily interested in the efficiency € to satisfy a cut on the classifier output. The efficiency
depends on the distribution p(z|y) through the equation €, = P(f(x) > fewly) = [ H(f(z) —
feut)p(z|y)dx, where H is the Heaviside step function and y is an index or label for the category of
data that is being considered (e.g., signal vs. background or electron vs. jet). Thus, the question
in this context is what is the uncertainty on the efficiency €, due to uncertainty in the distribution
p(x|y). In practice, the quantification of the uncertainty in the efficiency €, is usually based on
either a calibration measurement on real data or estimated with simulated data. These procedures
typically treat the classifier as a black-box, and thus nothing precludes using those procedures on
a ML-based classifier. An early example of this approach for b-tagging can be found in Ref. [357].

In the case where simulation is used to estimate the efficiency €, and its uncertainty, one usually
varies nuisance parameters v associated to the simulation. One then uses simulated samples to
approximate €,(v) = P(f(z) > fowly,v) = [ H(f(z) — feu)p(z|y,v)dz. Again, the procedure for
incorporating uncertainty isn’t fundamentally different if the classifier f(z) is based on machine
learning or a hand-crafted observable.

41.10.2 Domain adaptation

While estimating the uncertainty for a ML-based model is not fundamentally different than any
other hand-crafted observable used for regression or classification, the worry of many physicists
is that by working with a high-dimensional set of features x that one is more susceptible to mis-
modeling of subtle correlations. This is a valid concern, and it should be appreciated that a great
deal of prior knowledge and physical insight goes into the construction of hand-crafted observables
so that they will be robust to the most uncertain aspects of data. However, much of this craft is
based on heuristics that are difficult to systematize. Furthermore, one can only validate that such
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an observable is robust if one can explicitly evaluate the performance for a perturbed distribution.
Thus in the settings where one can validate the robustness to a perturbed scenario 1y, one must
have access to p(x|y, vp).

One approach to formalize this type of robustness is to consider the dependence on the distri-
bution of the output of the model f(z) to the nuisance parameters. In statistics, if the distribution
of f is independent of the nuisance parameters, then f is referred to as a pivotal quantity. This is a
property that we can incorporate directly into the training procedure to target a particular notion
of robustness. The authors of Ref. [358] introduced an adversarial approach (similar to what is used
in the generative adversarial network of Sec. 41.3.4.2) to penalize a model during training if the
distribution of the output varies with the nuisance parameters. To construct the training dataset
{@i, Y, Vi}i=1,..n, one must sample y and v according to some proposal distribution (similar to a
prior, but only used for the creation of training dataset, not necessarily for statistical inference),
corresponding to a joint distribution p(z,y,v). Instead of minimizing the target loss Ly (e.g. cross-
entropy or squared-error) with respect to the parameters ¢, that parameterize the model f, one
trains with a minimax strategy that also includes an adversary ¢ with parameters ¢,. The trained
model is characterized by the saddle point

ggf,g&, = argr%in arg%axEA(¢f,¢r) , (41.87)
f T

where the value function E includes the target loss as well as a regularization term associated to
the adversary

E)\((bfa (br) = Ef((bf) - )\£T(¢f7 ¢r) . (41'88)

The constant A is a hyperparameter, since generally there is a tradeoff between the two terms and
only in special cases can the model that minimizes £ also be a pivotal quantity. The regularization
term

Lr(Of,br) = Epay[—log s, (V| fs, (2))] (41.89)

is an example of conditional density estimation (see Sec. 41.3.3), where the model gy, (| f) is trying
to predict the distribution of the nuisance parameter v given the output of the model f(z). This
term is maximized when f is independent of v. Earlier work had also used an adversarial technique
for domain adaptation, but was limited to just two domains [359-361], while here v parametrizes
a continuous family of distributions and can have multiple components corresponding to different
sources of uncertainty. Furthermore, the previous work aimed to make the distribution for a high-
dimensional, intermediate representation of the data be invariant to the domain shift as opposed
to just the final output f(x).

One way of interpreting Eq. 41.87 is that the goal is to minimize a regularized loss function
E(¢f) = argmax, FE\(¢y,¢r), where the optimization with respect to ¢, is not exposed. This
motivates another approach in which the regularization is not achieved through a learned adversary,
but by a measure of discrepancy between distributions that can be computed directly from samples.
In particular, the authors of Ref. [362] proposed the use of distance correlation to avoid what can
be a challenging min-max optimization problem.

In either case, the optimization of the hyperparameter XA is based on the downstream task. For
example, in Ref. [358] considered the case where f was a signal vs. background binary classifier
where the nuisance parameter v was associated to uncertainty in the background model. The
hyperparameter \ was then optimized to maximize the approximate median significance (AMS).
Similarly, the authors of Refs. [363] and [362] considered new physics searches in the context of
boosted jet tagging, where the hyperparameter controls the sculpting of the side-bands used for
background estimation.
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While these strategies modify the training procedure so that the sensitivity to the nuisance
parameters is reduced, it does not typically eliminate it. As a result, one still needs to propagate
the uncertainty in the data distribution through the learned model as described in the preceding
section. Furthermore, care must be taken in interpreting the loss of sensitivity to the nuisance
parameter. For example, for theoretical uncertainties estimated as the difference between two
different calculations (i.e., two-point uncertainties), decorrelation methods may reduce the apparent
uncertainty while the true uncertainty remains much larger [364].

Note, this adversarial technique has also been employed in other settings where one would
like to decorrelate the output of the classifier with an observed quantity so that it can be used
for background estimation [363], although other techniques like moment decomposition [365] may
suffice without full decorrelation. Widely used alternative approaches to decorrelation include
uboost [366], DDT [367], and using dedicated training samples that vary the chosen quantity to be
decorrelated [368]. Other examples of the domain adaptation and decorrelation use cases from the
Living Review include Refs. [358,362-367,369-378].

41.10.3 Parameterized models

An alternative to learning a model f(z) that is pivotal—i.e., whose distribution is independent
of the nuisance parameter v—is to learn a family of models f(x;v) that is parameterized in terms
of the nuisance parameters. In general, there is a tradeoff between the two terms of Eq. 41.88 for
a single model f(x). In a parameterized model, f(z;v) optimizes the performance of the model
for every value of v. Parameterized classifiers were first advocated in Ref. [133] in the context of
simulation-based inference (see Sec. 41.10.7) and in Ref. [379] for new physics searches. It has also
been applied to simulation-based inference for effective field theory parameters in Ref. [380] and
Ref. [381] provides additional pedagogical examples.

The training of a parameterized model is similar to the standard procedure. For example, if
one originally wanted to minimize the squared loss function L(y, f(x)) = (y — f(x))? with training
dataset {x;,y;}i=1,..n, then the corresponding training procedure for the parameterized model
would be as follows. One would need to construct a training set {x;, y;, Vi }i—1,...» as described in the
preceding section, construct a parameterized model f(x;v) that takes as input the original feature
vector = as well as the nuisance parameters v, and then train using the same loss L(y, f(z;v)) =
(y — fz;v))*

One complication of the parameterized approach is that it is no longer possible to evaluate
the model on a dataset {z;} and pass on only {f;} for downstream analysis tasks since f(z;;v)
still depends on v. Instead, one delay evaluating the model to some down-stream stage when the
dependence on v would accounted for. For example, in the context of a likelihood based analysis
where one is testing a hypothesis where the nuisance parameters take on a particular value viest,
then one will consider the data distribution p(x|itest), and at that point one would evaluate the
model at the corresponding nuisance parameter value, i.e. f(x;iest). Explicit examples are given
in Refs. [133,356,380,381]. While this may seem complicated, it actually corresponds to what is
done in a typical likelihood-based fit when the statistical model has nuisance parameters; i.e. the
likelihood-ratio corresponds to the model f(x;v) as in Eq. 41.13.

41.10.4 Data augmentation

An intuitive approach to building in robustness to systematic effects that can lead to domain
shift, is simply to augment the training dataset so that it includes examples corresponding to
several values of the nuisance parameter or systematic variations. As before one can construct a
dataset {x;, i, V;}i=1,..n, but instead of leveraging the information about v;, one simply discards
this information. This corresponds to sampling from the marginal distribution z;,y; ~ p(x,y) =
[ dvp(z,y|lv)p(v), and is often referred to as smearing. One can then use this smeared dataset
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for supervised learning in the traditional way. While it is possible that this approach will lead
to improved robustness to systematic variations (i.e. generalization for v other than the nominal
value) than if systematic uncertainty weren’t considered at all), this intuitive approach has several
shortcomings. The approach does not yield a pivotal quantity as in the adversarial approach, so
propagation of uncertainty through the network is still required. Moreover, there is no direct way
to control the tradeoff between independence from the nuisance parameter and the original target
loss as in the adversarial approach. Finally, it can lead to significant performance loss compared to
what is possible with the parameterized approach. These tradeoffs were studied in Refs. [379, 381]
with both pedagogical and physically-motivated examples.

41.10.5 Aleatoric and epistemic uncertainty

In the machine learning and risk assessment literature, uncertainty is often characterized in
terms of aleatoric and epistemic uncertainty [382—-385]. Familiarity with these terms is useful, but
the distinction between the two can be ambiguous, the terms are not always consistently used, and
they do not clearly map onto the concepts used physics.

For example, Ref. [384], states that “roughly speaking, aleatoric (a.k.a., statistical) uncertainty
refers to the notion of randomness, that is, the variability in the outcome of an experiment which
is due to inherently random effects”, while “epistemic (a.k.a., systematic) uncertainty refers to
uncertainty caused by a lack of knowledge (about the best model).” This seems clear enough, but
in that same reference (and in Ref. [386]) the aleatoric uncertainty is considered irreducible, while
the epistemic uncertainty could be reduced with additional information. This may seem backwards
for many physicists since often in particle physics, we think of how uncertainties scale as we collect
more data but keep the experimental design fixed. In that case, the statistical uncertainty will be
reduced with time while the systematic uncertainty will remain constant?. There is no paradox
here, it is simply a different point of view. The emphasis of the risk assessment community is not
on collecting more data with the same experimental design, but collecting different types of data
that will inform the models themselves. Clearly even for physicists, data from new experiments or
calibration measurements could also reduce our systematic uncertainties. While there are exceptions
in the literature, the bulk of it associates aleatoric uncertainty with the randomness of classical
probability (i.e., the statistical uncertainty associated to repeating the same experiment many
times) and epistemic uncertainty with our state of knowledge.

Perhaps a more important distinction between the perspective of physicists and machine learning
researchers has to do with the use of the term “model” and what exactly is uncertain. In physics, the
systematic and epistemic uncertainty is typically associated to our understanding of the underlying
physics and “the model” usually refers to the physics model, detector model encapsulated in a
simulation. In contrast, for machine learning research, “the model” usually refers to the trained
model f € F used as described in Section 41.2.1 (or the class of functions F itself). This makes
sense if we recall that in the bulk of machine learning research, one has little insight into the
process that generated the data (e.g., images of cats and dogs, or natural language). In that sense,
the epistemic uncertainty in machine learning is usually associated to uncertainty in the model
parameters ¢ after training, which would be reduced if one could collect more training dataset (see
Ref. [385] for this point of view).

In the literature on uncertainty quantification (UQ), which is more closely connected to physics
given the role of computer simulations, the terminology is more fine grained and less ambiguous.
That community uses the terms parameter uncertainty (7.e. nuisance parameters), structural un-
certainty (i.e., mismodelling), algorithmic uncertainty (i.e. numerical uncertainty), experimental

4Further complicating the relationship between the terms is that many experimental uncertainties that are char-
acterized as systematic are actually statistical in nature as auxiliary measurements and control regions are used to
constrain the corresponding nuisance parameters.
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uncertainty (i.e., uncertainty from experimental resolution and statistical fluctuations), and inter-
polation uncertainty (i.e., uncertainty due to interpolating between different parameter values due
to lack of computational resources).

41.10.6 Model averaging and Bayesian machine learning

The core of Bayesian machine learning is the model averaging view. Here one often takes a
more ambitious view of learning than described in Sec. 41.2.1, which is framed mainly as function
approximation. While in Sec. 41.2.1, the goal is to find a function that minimizes the risk, in
Bayesian machine learning one explicitly builds a probability model g4(x,y) for the training dataset
D = {z;,Yi}i=1,...n- It is the same change in perspective that one has when one views the squared
error loss function Lyse = (y— f4(x))? as the log-likelihood for a probability model y ~ N(f(z), o).
In addition, one assumes some prior on the model parameters p(¢), which is often a Gaussian
distribution, and is analogous to Tikhonov regularization (see Sec. 41.2.5). In this way, a single
trained model f =f 3 is the MAP point estimate and the more complete Bayesian solution is
the entire posterior distribution over the model parameters p(¢|D). With this view, it is clear how
increasing the number of training examples n will lead to a reduction in uncertainty on ¢. However,
this notion of epistemic uncertainty has little to do with the notion of systematic uncertainty as
the term is used by particle physicists.

Bayesian methods can be applied to non-probabilistic regression problems, in which case they
can provide uncertainty quantification. Consider the case of regression in traditional (non-Bayesian)
machine learning. The trained model f ¢(3}) is used to predict the target label y. For a fixed x,
the model does not provide any notion of uncertainty on the prediction. One could propagate
uncertainty on = through f(z), but that is also not the desired quantity to characterize the intrinsic
spread p(y|z) in the data, which may exist even if  has negligible uncertainty. In contrast, Gaussian
process regression (a Bayesian method) does provide a natural way to communicate the uncertainty
on the prediction, which is possible because one first had to specify a prior on the mean and
covariance of the Gaussian process.

In the context of Bayesian deep learning and Bayesian neural networks, one would place a prior
on the weights and biases of the neural network p(¢) and then use one of the many emerging
techniques to calculate the approximate posterior p(¢|D). However, we should recognize that
we have little-to-no insight into the parameters of a deep neural network, so the prior on ¢ is
hardly well-justified. Furthermore, just as in all Bayesian approaches, the prior is not invariant to
reparametrizing the model: ¢ — n(¢). While it is difficult to justify the choice of the prior on the
parameters (and, thus, the resulting posterior), the resulting model may perform well empirically.
In such high-dimensional parameter spaces, the bias-variance tradeoff can be dramatic.

Bayesian model averaging (BMA) performs Bayesian average over the posterior p(¢|D). This
can be applied to any quantity fg, such as a regression or classification prediction y. Suppose we
can draw from the posterior ¢ ~ p(¢|D). For each draw we can evaluate the predicted regression
variable y = f4(x) + €, where € is some noise to account for uncertainty in the predictions. We can
denote this process as a draw from p(y|z, @), y ~ p(y|z,¢) = N(fs(z),0?), where o2 is the noise
variance. The BMA then performs

plyla.D) = [ dop(6iD)p(yle. 0). (41.90)

In practice p(y|z, ¢) is evaluated by drawing samples of y and ¢, so the posterior is defined implicitly
by the samples. For example, the mean prediction is obtained by averaging fy(x) over the samples
of ¢, and the covariance matrix is similarly evaluated by averaging the second moments over the
samples of ¢.
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Ref. [387] provides a different perspective on BMA analyzed in what are referred to as the M-
open and M-closed settings [387]. The M-closed setting refers to the situation where the true data
generating process is in the space of models, even if it is unknown to us. In contrast, the M-open
setting refers to when the true data generating process is not in model space (i.e. the model is
mis-specified). Interestingly, in the M-open case one can potentially do better than any one model
in the model class by considering an average over the models, since averaging can create a new
model that is not in the model class. BMA provides one such averaging, but other averages, which
are not weighted by p(¢|D), can be a better choice. When the weights of each model are optimized
against appropriate loss the resulting procedure is called stacking, which has been shown to be
superior to BMA in the M-open setting [387]. Ref. [388] performed experiments indicating that in
some cases model averaging can also improve predictive uncertainty estimates under domain shifts.

Neural network model averaging beyond BMA comes in several different flavors. Two successful
model averaging procedures are Monte Carlo dropout [389], which uses dropout ensembling, and
deep ensembles [390], which use random initialization ensembling. These methods may not only be
superior to BMA, they are also often significantly faster than BMA. Whether these model averages
are an approximation to BMA, or an alternative to it, remains a debated topic, and both views
have been advocated. BMA itself can be accelerated using approximate methods, such as stochastic
Variational Inference with reparametrization trick [391].

Finally, in the context of Bayesian model uncertainty estimation, there are two practical ways
to capture: repulsive ensembles and evidential regression. Repulsive ensembles are standard deep
ensembles trained with an extra diversity penalty so the ensemble members make deliberately
different but plausible predictions, improving coverage with fewer models. Evidential regression
uses one network to predict the parameters of a simple probabilistic family plus an “evidence”
term; when data are ambiguous it learns low evidence and returns wider intervals, and when data
are plentiful it narrows them. The latter has been studied for uncertainty quantification for neutrino
applications [392]. In practice, both approaches can yield similarly well-calibrated uncertainties.
An open direction is to bring such calibrated epistemic uncertainty into the density estimators of
generative models (e.g., flows, VAEs, or diffusion), for example via ensemble/Bayesian variants
with diversity or evidential parameterizations, so we can represent and propagate uncertainty over
whole distributions, not just point predictions.

41.10.7 Connection to probabilistic machine learning

We end this Section by reinforcing the connection between uncertainty quantification in tradi-
tional machine learning and the more probabilistic approaches to machine learning exemplified by
simulation-based inference (see Sec 41.6) and deep generative models (see Sec. 41.3.4). In the stan-
dard approach to supervised learning (e.g. classification and regression) the model f(z) provides a
point estimate for y. Estimating an uncertainty on y goes a step further, but the complete picture
would be to model the posterior distribution p(y|x). Gaussian processes (see Sec. 41.8.2) are an
example, but the form of the models is limited to Gaussian posteriors. In Sec 41.6 we discussed
approaches to model p(y|x) using conditional density estimation [69,70,128]. If we extend this task
to include a family of distributions parameterized by some nuisance parameters v, then the task is
to model p(y|z,v), which is structurally similar.

In the context of classification, the output is already probabilistic, and the interpretation of
the resulting classifier is fuse(z) &~ p(y = 1|z) (see Eq. 41.11). Incorporating the dependence
on the nuisance parameter, then connects to the likelihood-ratio trick (see Eq. 41.13), approaches
to simulation-based inference that involve learning the likelihood-ratio, and the parameterized
approaches described in Sec. 41.10.3.

If one pairs the training procedure for classification, regression, or density estimation used in
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the approaches above with model averaging techniques such as BMA, then it would be possible to
incorporate both uncertainty associated to finite training dataset and the uncertainty associated
to systematic uncertainties. However, as described in Sec. 41.10.5 and Sec. 41.10.1, it is not clear
that in physics applications it is desirable to account for the variability associated to training when
the more common practice is to regard the trained model f (z) as fixed.

While these probabilistic approaches to machine learning are attractive conceptually, it is known
in the machine learning community that classifiers often are poorly calibrated and often overly
confident in their predictions. This is a problem even if one regards the trained model f (x) as fixed.
Various approaches, including model averaging, are being pursued to improve the calibration of
trained models, but the problem is unlikely to be eliminated entirely. Miscalibration can be verified
by evaluating the true positive and false positive rates on held out data. This is common practice in
experimental particle physics, where the output of a binary classifier is rarely taken at face value.
Instead, the true and false positive rates are estimated with simulated data or control samples
as described in Sec. 41.10.1. Furthermore, the true and false positives can be characterized as a
function of the nuisance parameters. These procedures can be used to help calibrate parameterized
models based on the likelihood-ratio trick (see Refs. [133,381]). Unfortunately, calibration in the
context of density estimation is more challenging. This connects to topics and challenges in anomaly
detection (see Sec. 41.3.5).

41.11 Model compression and deployment in experiments

The software and computing needs of training a machine learning model are different than those
encountered when it is deployed for use. The two stages are referred to as training and inference,
i.e. making a prediction f (x) given an input x and a trained model f . Sometimes this transition
also involves using different programming languages for implementing the trained model from the
ones used for training them. Modern machine learning frameworks support various serialization
formats to exchange trained models. For instance, ONNX [393] provides an open source format for
many types of models, is widely supported, and can be found in many frameworks, tools, and
hardware. This is important when integrating a trained model into the software frameworks used
by the large experiments.

While hardware acceleration with GPUs is important for efficiently training modern machine
learning techniques, there are also advantages of hardware acceleration at inference time. This may
include GPUs or field programmable gate arrays (FPGAs), and the Living Review includes many
example works focusing on efficient inference for a given hardware architecture [153,180,394-403].
Programming FPGAs requires the use of dedicated hardware description languages (HDLs) such
as VHDL or Verilog as well as a design methodology that is aware of the limitations and nature of
the relevant device. Recently, high-level synthesis (HLS) tools [404-406], which ingest algorithms
written in C/C++ code, have lowered the barrier to entry for using FPGAs. Several tools, includ-
ing hls4dml [407], FINN [408,409], Conifer [410], and fwXmachina [411], have been developed to
automatically create firmware from ML algorithms. These tools have been used for applications
ranging from jet tagging [412-414] to muon transverse momentum regression [415], on-detector
data compression [416], charged particle tracking [417,418], calorimeter reconstruction [237], and
anomaly detection [419-421].

For applications where latency is a key concern (e.g., triggering at collider experiments), various
accelerators have been investigated [237,241,407,410,411,416,419,422-431]. To enable the use of
an ML model in resource-constrained or latency-sensitive experimental settings, reducing the size
and computational complexity of the model through compression is often essential. Compression
techniques aim to improve the computational efficiency of models, while keeping the performance
as close as possible to the original. The two most ubiquitous methods are quantization [432—
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Figure 41.17: Illustration of the iterative magnitude-based parameter pruning and retraining
with regularization procedure from Han et al. in NeurIPS, 2015. The top-5 accuracy loss is shown
as a function of parameter reduction (sparsity) for VGG-16 on ImageNet following different pruning
procedures. Without retraining, L1 regularization performs better than L2, but L2 performs better
than L1 with retraining. Iterative pruning gives the best result.

448], which modifies the number of bits used to calculate and store results in the model, and
pruning [433,449-453], which removes model parameters. However, symbolic regression [454] and
knowledge distillation [455] have also been explored to learn compact algorithms.

While it is common to use 32-bit floating-point precision, for many applications, this may not
be required to ensure adequate performance. Reduced-precision formats, such as integer or fixed-
point precision, may be used instead. We can distinguish post-training quantization (PTQ), in which
model parameters are quantized after a traditional training is performed with 32-bit floating-point
precision, and quantization-aware training (QAT), in which the training procedure is modified to
emulate reduced precision formats. QAT results in better performance for a smaller bit width, but
requires (re)training with a dedicated framework [447,448,456-458]. Serializing and exchanging
quantized models is a challenge addressed by the QONNX format, which extends ONNX to represent
arbitrary-precision quantized neural networks [459].

Pruning is the removal of unimportant weights, quantified in some way, from a neural network.
The two main categories are unstructured pruning, where weights are removed without considering
their location within a network, and structured pruning, where weights connected to a particular
node, channel, or layer are removed. Pruning reduces the number of computations that must
be performed to produce an inference result, thus reducing the hardware resources or algorithm
latency. The development of pruning algorithms and understanding their behavior is an active area
of research [453]. One relatively simple method is iterative, magnitude-based pruning [407,460], as
shown in Fig. 41.17. In this process, the model is trained with L1 or L2 regularization (discussed
in Sec. 41.2.5), resulting in a set of optimal parameters, where some are close to zero. Those
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parameters with values below a certain threshold can be set to exactly zero (thereby removing
them from the model), and training can be repeated. Successive iterations of this procedure can
remove more parameters until the desired reduction in parameters, or sparsity, is achieved. This
process usually results in models that have slightly reduced performance, although the performance
loss is typically negligible for sparsities <90% [460]. Pruning and quantization can also be applied
together [429].

Finally, some solutions for deployment of ML models involve using cloud resources [461,462]
or using hardware coprocessors, like GPUs and FPGAs, as a service [463-466]. In this approach,
coprocessor resources are decoupled from CPUs, and CPU-based clients can send inference requests
to coprocessor-based servers via network calls. The advantages of this approach are coprocessors
can accept inference requests from local or remote CPUs, certain types of coprocessors can be allo-
cated for specific tasks, the coprocessor-to-CPU ratio can be optimized, the separation of software
support for coprocessor and CPU workflows reduces the maintenance burden, and developments
from industry can be more easily leveraged [465].
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